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Abstract
We consider the problem of designing scheduling schemes for networks with arbitrary
topology and scheduling constraints. We address the optimality of scheduling schemes
for packet networks in terms of throughput, delay and fairness. Specifically, we design
two scheduling schemes. The first one achieves simultaneous throughput and delay
optimization. The second scheme provides fairness.
We design a scheduling scheme that guarantees a per-flow average delay bound
of O(number of hops), with a constant factor loss of throughput. We derive the
constants for a network operating under primary interference constraints. Our scheme
guarantees an average delay bound of 1-pj , where dj is the number of hops and pj is
the effective loading along flow j. This delay guarantee comes at a factor 5 loss of
throughput. We also provide a counter-example to prove the essential optimality of
our result.
For the fair scheduling scheme, we define a packet-based notion of fairness by
establishing a novel analogy with the ranked election problem. The election scheme
of Goodman and Markowitz (1952) [14] yields a maximum weight style scheduling
algorithm. We then prove the throughput optimality of the scheme for a single-hop
network. Standard methods for proving the stability of queuing systems fail us and
hence we introduce a non-standard proof technique with potential wider applications.
Thesis Supervisor: Devavrat Shah
Title: Assistant Professor
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Chapter 1
Introduction
1.1

Motivation

Networks arise naturally in several practical situations. They serve as a rich modeling
tool for several - even completely unrelated - problems.

Examples include road

networks, electrical networks, social networks, computer networks, gas distribution
networks, economic and value networks, and the list goes on.
In the simplest of terms, a network can be defined as an interconnected group of
systems. A network is naturally represented as a graph. In the graph representation,
the systems correspond to the points/nodes and the interconnections correspond to
the edges of the graph. In more concrete settings, the interconnected systems could
be computers, physical locations like railway stations, bus stops or even humans.
The interconnections correspond to roads, railways tracks, gas pipelines or intangible
connections between humans.
The primary function of a network is to enable communication between the interconnected nodes. Nodes communicate by exchanging information using the shared
resources of the network. Since limited resources are being shared, a network scheduling algorithm is required to allocate resources efficiently. The traffic lights at a traffic
junction is a simple example of a scheduling scheme.

By facilitating its primary

function, a network scheduling algorithm forms one of the most important and fundamental components of the network.

The utility of the network critically depends on the "performance" of its scheduling scheme. Naturally, we want the scheduling scheme to be optimal. Even though
"optimal" might have different meanings in different contexts, a reasonable characterization can be obtained through the desirable properties a scheduling scheme should
possess. We introduce two terms that capture the two most important desirable
properties of a scheduling scheme - throughput and delay. A scheduling scheme is
throughput optimal if it utilizes the network capacity to the fullest. Each network,
depending on its constraints, has an inherent capacity limitation on the amount information it can handle. Throughput optimality ensures that the scheduling scheme
does not become a bottleneck to the network in achieving its capacity. Delay optimality, on the other hand, corresponds to minimization of the average overall delay
experienced during the information transfer in the network. Delay optimization leads
to better user experience.
Another critical component of a scheduling scheme is "fairness." Resource allocation by the scheduling scheme should happen in a "fair" manner. There are natural
formalizations of the intuitive notions of throughput optimality and delay optimality.
But, it is very difficult to go beyond the intuitive definition to obtain a more formal
and concrete notion of fairness. This difficulty - in even defining fairness - makes its
treatment rather non-trivial.
Our goal in this thesis is to better understand, and thereby achieve, optimality
in a scheduling scheme in terms of throughput, delay and fairness. Our treatment
will focus on discrete queuing networks.

Broadly, a queuing network consists of

an interconnected collection of queues operating in discrete time. The arrivals to
queues happen according to a stochastic process. We assume that the network is
constrained and hence not all queues can be served simultaneously. The function of
the scheduling scheme is to choose a service schedule from a set of feasible schedules
to provide service in each time slot. This general model can describe several special
instances of important networks like the wireless network, network switch, congestion
control in the Internet and even traffic scheduling at a traffic junction.
With this motivation to understand optimality in scheduling schemes, we pose the

following natural questions:
1. Is it possible to design a scheduling scheme that can provide simultaneous
throughput and delay guarantees?
2. How to define fairness? Is it possible to achieve fairness without sacrificing
performance in terms of throughput and delay?
Designing optimal throughput and delay scheduling schemes is quite non-trivial.
The reason is that the algorithm should be online i.e., should only utilize the current state of the network for scheduling decisions. However, average throughput and
delay depend on the entire time of operation of the network. Throughput and delay
also depend on the topology and constraints present in the network. Tassiulas and
Ephremides (1992) [37] obtained a characterization of the capacity of an arbitrary
network in terms of its constraints. They also propose a scheduling scheme that is
throughput optimal. Delay optimality, on the other hand, is more difficult. Apart
from the universal lower bound of the number of hops, there is no straight forward
characterization of delay optimality. Moreover, there is often a trade-off between delay and throughput optimality, and their simultaneous optimization can reveal this
trade-off. Therefore, the problem of designing a scheduling scheme that provides simultaneous throughput and delay guarantees is important and at the same time quite
challenging.
The vagueness of the second question stems largely from a lack of precise operational definition of fairness. Since a network is a shared resource, a scheduling algorithm must resolve contention among users in a fair manner. Fairness in networks is
not only an intuitively desired goal but also one with many practical benefits. Fairness, in principle, should provide isolation and protection to flows against ill-behaved
flows that overload the network with a high data rate. Therefore, it should serve as
a critical component of Quality-of-Service mechanisms [20]. Such notions of fairness
should reduce burstiness of flows, eliminate certain kinds of bottlenecks and offer a
more predictable performance [3]. Fairness can also reduce the impact of certain kinds
of Denial-of-Service (DOS) attacks [39]. Therefore, gaining a better understanding of

providing fairness in networks is very crucial. A major hurdle in dealing with fairness
is designing a precise mathematical definition that achieves the desired intuitive and
practical benefits of fairness. Achieving these benefits without sacrificing performance
in terms of throughput and delay is quite challenging.

1.2

Our Contribution

This thesis is focused on gaining a better understanding of the two aforementioned
questions. These are fundamental questions and their understanding is crucial to
the design of efficient scheduling schemes. We will give satisfactory answers to these
questions in as general a setting as possible. The significant contributions of our work
can be summarized as the following results we obtain:
1. As an answer to the first question, we design a scheduling scheme that achieves
a per-flow average delay guarantee of the order of the number of hops in the
flow, with a constant factor loss of throughput. The constants depend on the
constraints present in the network. We consider the special case of a wireless
network operating under primary interference constraints 1 and prove that our
scheduling scheme provides a per-flow average end-to-end packet delay bound
of 5dj/1-pj, at a factor 5 loss of throughput. Here, dj is the path length (number
of hops) of flow j and pj is the effective loading along the route of flow j. We
provide a counter example to prove that a loss of throughput by a factor 4 is
necessary for our approach, thereby making our result essentially optimal.
2. Our answer to the second question comprises a notion of packet-based fairness
and a throughput optimal algorithm that realizes the proposed notion of fairness. We define a notion of fairness by identifying the problem of scheduling
as a ranked election problem 2. The algorithm we design is a maximum-weight
1

A network is said to be operating under primary interference constraints if each node can either
transmit at most one packet or receive at most one packet - but not both - in each time slot. Refer
to Chapter 3 for more details.
2
A ranked election problem deals with choosing a winning permutation of candidates using a set
of votes, where each vote is a permutation of the candidates. Refer to Section 4.4 for details.

style algorithm, that are popular in the case of network switches. We introduce a non-standard proof technique to prove that the scheme is rate stable.
The proof technique we introduce has potential wider applicability for proving
stability of algorithms that are not based on queue sizes.
Our scheduling scheme to provide simultaneous throughput and delay guarantees
is applicable to networks with arbitrary topologies and operating under an arbitrary
set of constraints. The algorithm is online i.e., it uses only the current state of the
network for scheduling decisions. Our algorithm provides an average delay guarantee
of the order of dj. Since dj is a universal lower bound on the delay, our guarantee is
essentially optimal. To the best of our knowledge, our result is the first one to show
that it is possible to achieve a per-flow end-to-end delay bound of the O(# of hops)
in a constrained network. It should be noted that the delay bound we obtain is a
per-flow delay bound and not an overall delay bound. A per-flow bound is much more
valuable because the existence of a worst-case flow severely deteriorates the overall
bound, rendering it essentially useless. It is worth pointing out that our delay bound
is an average delay bound and not a worst-case delay bound. Designing a scheme to
obtain a worst-case delay bound is a natural next step.
In addition to the aforementioned central results, our work provides new insights,
introduces general frameworks and certain proof techniques that are interesting from
a mathematical perspective. We now underscore some of these contributions to enable an interested reader pay special attention to them while reading the subsequent
chapters.
1. Emulation: The idea of emulation was first introduced by Prabhakar and McKeown (1999) [32] in the context of network switches and later used by Chuang,
Goel, McKeown and Prabhakar (1999) [5] to prove that a speedup of 2 is sufficient to emulate an output queued switch using an input queued switch. We
carry out a non-trivial generalization of this idea to a general network, making
it into a powerful tool. Emulation is very useful when a problem that is difficult
to solve in generality becomes much more tractable under "minimal" relaxation

of constraints. The idea of emulation is as follows: carefully construct a less
constrained problem with minimal relaxation of constraints, solve the problem for the less constrained case, design an emulation scheme to emulate the
performance of the less constrained problem using the more constrained problem (utilizing minimal additional resources) and finally, utilize the emulation
scheme to generalize the algorithm. Often the generalization of the algorithm
using the emulation scheme results in the degradation of the performance of
the algorithm. The degradation depends on the additional resources that are
required by the emulation scheme; the lesser the additional resources the lesser
is the degradation. A short example will clarify this method. In [5] Chuang et
al. prove that a speedup of 2 is sufficient to emulate the performance of the
output queued switch using an input queued switch. Here, the less constrained
model is the output queued switch and the more constrained model is the input queued switch. The additional resource required by the emulation scheme
is operation at a speedup 2 which translates into 50% loss of capacity of the
switch. Now, with this emulation scheme, any algorithm designed for output
queued switches can be generalized to an input queued switch at the cost of
50% loss of capacity. In this thesis, we apply this idea in a more general setting
by breaking the problem into several layers. In fact, in our case, it will become
clear that there is no natural candidate for the less constrained network.

2. Proof techniques: In this thesis, we introduce a new framework to prove the
stability of our fair algorithm.

Our algorithm is not queue size or waiting

time based and hence the traditional methods fail. The traditional methods
of proving stability include the popular Lyapunov-Foster method and Fluid
models. Both methods are very convenient to apply to algorithms that depend
on the queue sizes, waiting times or some Lipschitz continuous function of the
queue sizes or the waiting times. But, there are algorithms, like ours, that are
not related to the queue size or waiting time in a direct manner. Our framework
is potentially applicable to prove the stability of such algorithms.

3. Insight: We provide a new insight into maximum weight style algorithms that
are popular in the case of network switches. Maximum weight matching algorithms using different weights are highly popular and extensively studied in
the literature. Our notion of packet-based fairness provides a fresh insight into
these algorithms. Kelly, Maullo and Tan (1998) [19] proposed a utility maximization framework for fair rate allocation in a network. Utility maximization
is a concept borrowed from Economics literature. In a similar spirit, we establish a novel analogy between scheduling in a single hop network to the raked
election problem. Raked election is a widely studied problem in the Economics
literature and hence this analogy provides a ready framework to leverage this
work. We draw upon the work of Goodman and Markowitz (1952) [14] to obtain a unique characterization of the fair schedule. This, rather surprisingly,
yields a maximum weight style algorithm. Thus, the maximum weight algorithms choose a schedule in a "fair" manner, though the definition of "fair" for
different weights is different. It should be pointed out that the choice of weights
is crucial for obtaining the intuitive desirable properties of fairness and we make
an important contribution here.
4. Interesting results from a mathematical perspective: Section 3.8 provides a
counter example to prove the necessity of a speedup of 4 to emulate a less
constrained network '. This is a non-trivial extension of the counter-example
given in the case of switches in [5]. Apart from proving the necessity of a
speedup of 4, the proof is very interesting from a mathematical point of view.

3

Precise definitions are provided in the section.

Chapter 2
Background
This section describes the single-hop network model and reviews some pertinent results in the design of scheduling schemes for single-hop networks.

Specifically, we

provide a characterization of the capacity region of a single-hop network and present
the proof of the stability of the Max-Weight Scheduling scheme. The proof introduces
the Lyapunov function method for proving the stability of scheduling schemes. This
is a very popular and standard method for proving the stability of general stochastic
systems. This treatment will serve as a useful backdrop for the proof of stability of
our "fair" algorithm given in Chapter 4. It will also serve to highlight the limitation
of this approach in proving stability of algorithms that are not directly related to
waiting times or queue sizes.
Though we limit ourselves to the single-hop model in this section for the ease of
exposition, most of the results stated here are applicable to a multi-hop network with
appropriate modifications. A network switch is a very important special instance of
the single-hop model. The switch model is described in detail in Chapter 4.

2.1

Single-hop network model

Consider a single-hop packet network MN consisting of V nodes and N queues. Each
packet enters the network at a particular node, moves to one of its next hops and then
departs the network. Each node maintains a queue for each of its outgoing edges i.e.,

the number of queues at each node is equal to its out-degree. A node also maintains
a separate queue for all the packets departing the network from it. Such queues will
be called output queues and are different from the N queues mentioned above. All
the packets in the network are assumed to be of the same size. All link speeds are
normalized to 1. All the packets have a deterministic service time normalized to 1.
Therefore, in each time slot at most one packet can depart from each queue. Once a
packet reaches its corresponding output queue, it will depart the network according
to the scheduling policy at the queue. Scheduling at output queues is independent
of the constraints or the state of the network, and hence will not be considered. The
time is assumed to be discrete. Each queue has a dedicated arrival process, which
is assumed to be a Bernoulli i.i.d process. Let Aj(n) E {0, 1} denote the number of
arrivals at queue j, j = 1, 2, ... , N, during time slot n. The rate of arrival at queue

j will be denoted by Aj i.e., Pr(Aj(n) = 1) = Aj Vn. A = (Aj) will denote the arrival
rate vector. For i € j, Ai(n) and Aj(n') are assumed to be independent.
The network is constrained on the simultaneous activation of servers i.e., certain
servers cannot provide service at the same time. A feasible set is a set of servers
that can be active at the same time. A feasible set will be represented by its feasible
schedule, S = (Sj) E {0, 1}N so that the subset of queues {j : Sj = 1} can be served
simultaneously. For any feasible schedule S, As = {j : Sj = 1} denotes the subset
of queues that are served simultaneously. The set of all feasible schedules will be
denoted by the constraint set:
S = {S C {0, 1I}N : S is a feasible schedule }

(2.1)

Without loss of generality, assume that every feasible schedule such that Ei Si = 1
is present in S. Also assume that 0 E S. A feasible schedule S is said to be maximal
if for any other feasible schedule S', we have As g As,. S m ax denotes the set of all
maximal feasible schedules. Q (n) denotes the size of queue j at the beginning of
time slot n.
In terms of the notation we have established, the problem of network scheduling

is to choose a feasible schedule from the constraint set S in every time slot n. Denote
the feasible schedule chosen in time slot n by S(n). Assume that packets depart in
the middle of the time slot and external arrivals occur at the end of the time slot.
We have the following equation:

+ + Aj (n)
Qj (n+ 1) = (Qj (n) - Sj (n))

where, as usual, X

+

(2.2)

denotes max{X, 0}.

In every time slot, the scheduling scheme wants to serve as many queues as possible. Therefore, the network scheduling problem can be reformulated as choosing a
feasible schedule from the maximal constraint set sm" in every time slot n.
An arrival rate vector A = (Aj) is called admissible if

a scheduling policy under

which the network loaded with A has a queue size process Qj (n) such that

limsupE[IQ(n)] < c00

(2.3)

n

where, for any vector R, |R = Ej Rj. Let A = {A E R N : A is feasible}. A is
called the throughput region or capacity region of the network. Let co(S) := {p
RN : p = EZ aiS', ai _ 0, S' E S,Ei i < 1} denote the convex hull of S. Let
relint co(S) denote the relative interior of co(S). Denote the relint co(S) by A'. An
arrival rate vector is called strictly admissible if A E A'. Tassiulas and Ephremides
(1992) [37] show that:
A'

=

{pe I

:p

=

~ aiSS', a i > 0,S' E S,
i

2.2

i

ai < 1}

(2.4)

Capacity region of a single-hop network

The set of all feasible rate vectors defines the capacity region of a network. The
constraints present in the network impose inherent limitations on the amount of data a
network can handle, and the capacity region of a network characterizes this limitation.
A scheduling scheme that achieves this capacity region utilizes the network resources

efficiently. Therefore, a first step in designing efficient scheduling schemes is to obtain
a precise characterization of the capacity region. We now provide a characterization
of the capacity or throughput region of a constrained single-hop network. The result
will be proved as the lemmas 2.2.1 and 2.2.2. Tassiulas and Ephremides (1992) [37]
proved this result for the general case of a multi-hop network. We will present here
the proof for the special case of single-hop networks. The proofs will use Lyapunov
function stability method. For that we need the following theorem. This theorem is a
standard result and is a direct consequence of Theorem 1 of Foss and Konstantopoulos

(2004) [9].
THEOREM 2.2.1 Consider a function V : N -ý R+ such that V(O) = 0, V(.) is non-

decreasing and the set BK := {x : V(x) 5 K} is boundedV finite K. Suppose Xn is an
aperiodic, irreducible, Homogeneous Markov Chain such that IXn+i - X

I

• f(Xn),

where f(x) < 00 when x < c0. Also suppose that:
E[V (Xn+1) - V (X,~) IXn] 5 -eXn + B

for some e,B > 0. Then, Xn is positive recurrent. In particular,lim supn E[Xn] < 00c.
The following two lemmas provide a characterization of the capacity region of a
constrained network.
LEMMA 2.2.1 Let co(S) denote p E R'

"

: =

ci S', a > 0, S' e S, Ej ai <5 1}.

Then, A D relint co(S), where relint co(S) denotes the relative interior of co(S).
PRooF.

Consider a A e relint co(S).

Then, it follows from (2.4) that 3 a

decomposition such that:

A< Z •S' ; ai
i

0, EZai =1,
=
S' E S

(2.5)

i

In order to prove the result of the lemma, we need to prove that A is admissible
i.e., we need to show existence of a scheduling scheme under which the network loaded

with A has a queue size process Q(n) such that limsupn E[IQ(n) ] <

0o.

Now consider the following simple randomized scheduling scheme: In every time
slot n, toss a die of S| sides, where S| denotes the cardinality of S. The outcome
of the die is i with probability aj. If the outcome is i, then use schedule Si and serve
queues accordingly.
Under the above policy, consider a queue j. Suppose that the probability that
this queue will be served in a time slot is denoted by pj. Then, from (2.5) we can
conclude that pj > Aj. This implies that each queue is equivalent to a Geom/Geom/1
queue with arrival rate Aj and departure rate pj such that pj > A•. The queue length
process of a such a queue can be shown to define a Homogeneous Markov Chain
(HMC), that is aperiodic and irreducible.
Q(n) denotes the queue length process of the network in time slot n. Let V (Q(n))
denote Ej Q (n) and A(n) denote Qj (n + 1) - Qj (n). Then

E[V(Q(n + 1)) - V(Q(n))IQ(n)]

(2.6)

=

E[(Q(n + 1) - Q(n), Q(n + 1) + Q(n)) IQ(n)]

(2.7)

=

2E[(Q(n), A(n)) IQ(n)] + E[(A(n), A(n)) IQ(n)]

(2.8)

Since there can be at most one arrival (departure) to (from) each queue in each
time slot, it follows that A?(n) < 1 and hence E[(A(n), A(n)) IQ(n)] < N. We also
have:

Qj (n)Aj(n)=

0

if Aj(n) = Sj(n)

1

if Aj(n) = 1, Sj(n) = 0

-1

if Aj(n) = 0, Sj(n) = 1

(2.9)

The second event happens with a probability of Aj (1 - pj) and the third happens
with a probability of pj(1 - Ay). Therefore,

E[Qj(n)Aj(n))Q(n)] = -Qj(n)(pj - Aj)

(2.10)

Putting everything together we obtain
N

E[V(Qj(n + 1)) - V(Qj(n))IQ(n)] < -2 E Qj(n)(pj - A•)+ N
j= 1

< -c Q(n) + N

(2.11)

where e = 2minj{fj - Ajj}. Clearly, E > 0. The result of the lemma is now a
consequence of Lemma 2.2.1 and (2.11)

D

LEMMA 2.2.2 Suppose A ý co(S). Then, for any scheduling policy:

lim sup Qj (n) = oc with probability 1 Vj
n

PROOF.

Since A ý co(S), 3 a j V p E S such that Aj > pIj. In fact, it can be

shown that for A V S, 3 an c > 0 such that V p E S we have Aj > pj + E for some j.
In other words, the gap between A and any feasible rate for the network is uniformly
strictly bounded away from 0 for some j.
Now, for any scheduling policy, we have:

I n

p(n) := - E S(t) E co(S)

(2.12)

n t=o

Therefore, 3 a j(n) such that:

Aj(n) > P•j(n)(n)

+c

(2.13)

Now, from (2.2) we have
Qj(n + 1)= (Qj(n)- Sj(n))+ + Aj(n)
> Qj(n) - Sj (n)+ Aj (n)
Taking the sum of the above equation from n to 1 and assuming that Qj (1) = 0
Vj, we obtain:

n

n

Qj(n + 1) > E Aj(t) - E Sj(t)
t=1

(2.14)

t=1

= n (aj(n) - pj(n))

(2.15)

where aj(n) = I E Aj(t). Since the arrival process is a Bernoulli i.i.d process, by
Strong Law of Large Numbers we have that aj(n) --+ Aj as n --+ 0o Vj with probability
1. Therefore, since j takes values from a finite set, for any 6 > 0, we can find a large
enough no such that Vn > no and Vj we have:
aj(n) > Aj - 6

with probability 1

(2.16)

It now follows from (2.15) and (2.16) that Vn > no and Vj

Qj(n + 1) > n(Aj - pj(n) - 6)

with probability 1

(2.17)

We can now write for n > no:

_

Qj(n) (n + 1)

(2.18)

>

n(Aj(n) - pYj(n)(n) - 6)

with probability 1

(2.19)

>

n(e - 6)

with probability 1

(2.20)

The second and third inequalities follow respectively from (2.17) and (2.13). Now,
by choosing 6 < e, the result of the lemma directly follows from (2.20).

THEOREM 2.2.2 A' C A C co(S).

PROOF.

This result is a direct consequence of Lemmas 2.2.1 and 2.2.2.

O

2.3

An oblivious scheduling scheme

Lemmas 2.2.1 and 2.2.2 provide a characterization for the capacity region of a constrained single-hop network. The proof of the lemmas is constructive i.e., it provides a
randomized scheduling scheme that achieves the throughput capacity of the network.
But this scheduling scheme requires the knowledge of the arrival rate vector A. In
most cases, the arrival vector is not known a prioriand learning it is not feasible. For
such cases, we require an oblivious scheduling scheme that achieves the capacity of
the network. Tassiulas and Ephremides (1992) [37] proposed a throughput optimal
scheduling scheme for an arbitrary constrained network, that uses only the current
state of the network to make scheduling decisions. Such algorithms are said to be myopic i.e., the scheduling decisions are only based on the current state of the network.
The algorithm proposed by Tassiulas and Ephremides falls into the general class of
Max-Weight Scheduling schemes (MWS). An important reason for the popularity of
the MWS schemes is that these are the only known myopic algorithms that have the
largest possible stability region, for a large class of constrained problems.
We now describe the algorithm and present the proof of its throughput optimality
for the case of a single-hop network.

Max-Weight Schedule (MWS) Algorithm: In every time slot n, choose a schedule S(n) such that:
S(n) E argmax (S, Q(n))

(2.21)

SeS

LEMMA 2.3.1 If A E relint co(S), then under the MWS scheduling scheme the following is true:
limsupE[IQ(n)f] <

0o

n

PROOF.

Since A c relint co(S), we can write:
A < ZciS' with ai

0, Z a = 1 - E,e > 0.

(2.22)

We use the following Lyapunov function:
N

V(Q(n))=

Q2(n)
j=1

Let A(n) denote Q(n + 1) - Q(n). From (2.2) we have that:
Aj(n) = (Qj (n) - Sj(n)) + - Qj (n) + Aj(n)
= (Qy (n) - Sj(n)) l{Q(jn)>o} - Qj(n) + Aj(n)
= -Sj(n)1{fQj(n)>O} + Aj(n)

(2.23)

where l{Qj(n)>o} denotes the indicator variable of the event {Qj(n) > 0}. The
second equality is true because Sj (n) e {0, 1} and the third follows from Qj (n) =
Qj(n)lQj(n)>O}-

Now, writing Q(n + 1) as Q(n) + A(n) we have:
E[V (Q(n + 1)) - V (Q(n)) Q(n)] = 2E[(Q(n), A(n)) Q(n)] + E[(A(n), A(n)) IQ(n)]
(2.24)

From (2.23) we have that:

(Q(n), A(n)) = -

Z Si(n)Qj (n)1{Q,(n)>o}

= - ES (n)Q (n) +

+ 1 Qj (n)Aj(n)

Q3j(n)Aj (n)

= (Q(n), A(n)) - (Q(n), S(n))

(2.25)

The second equality follows from the fact that Qj(n)l{Q,(n)>o} = Qy (n). Since

E[A(n)] = A, it follows from (2.22) and (2.25) that:

E[(Q(n), A(n)) Q(n)] = (Q(n), A)- (Q(n), S(n))

< ai Q(n), S) - (Q(r), S(n))
=

• (Q(i),

S

- S(n)) - c(Q(n), S(n))

But, according to the MWS algorithm S(n) E arg maxses (Q(n), S). Therefore,
(Q(n), S' - S(n)) < 0 and hence:

E[(Q(n), A(n)) Q(n)] < -c (Q(n), S(n))

(2.26)

It now follows from (2.24), (2.26) and that fact A?(n) < 1 V n,j that:
E[V (Q(n + 1)) - V (Q(n)) Q(n)] < -E (Q(n), S(n)) + N

(2.27)

Since we have assumed that all schedules S such that Ej Sj = 1 are present in S,
we have

(Q(n), S(n)) > Qj(n) Vj

(2.28)

Taking the sum of (2.28) over all values of j, we obtain

(Q(n),S(n)) > NQ(n)|

(2.29)

E[V (Q(n + 1)) - V (Q(n)) IQ(n)] < -N Q(n)I + N

(2.30)

(2.27) and (2.29) result in:

The result of the lemma is now a direct consequence of Lemma 2.2.1 and (2.30)

Chapter 3
Throughput and delay optimality 1
This chapter describes the design of a scheduling scheme for a multi-hop network that
provides optimal throughput and delay guarantees. This problem is quite challenging
because, in general, throughput and delay depend on the arrival traffic distribution,
network topology and the constraints present in the network. However, the scheduling
scheme must be online i.e., use only the current state of the network for scheduling
decisions, and must not learn the arrival rates. Moreover, the constraints present
in the network seriously limit choices and complicate the analysis of any scheduling scheme. Thus, designing and analyzing scheduling schemes to obtain optimal
throughput and delay bounds for a network with arbitrary topology and constraints
- without any knowledge of the arrival traffic distribution - is important and yet
non-trivial. While we may optimize throughput or delay, obtaining a simultaneous
performance guarantee will require a trade-off.
We make some natural assumptions for this problem. The network is assumed to
be operating under primary interference constraints on simultaneous transmissions
i.e., each node can either transmit or receive - but not both - simultaneously. The
network is loaded with various traffic flows that are active simultaneously. Each flow
consists of a source node, a destination node and a predetermined route through the
network.
1

The arrivals of packets for a flow occur according to a continuous-time

This chapter is based on our paper accepted at the Proceedings of ACM SIGMETRIC/ Performance, 2008 [18]

stochastic process.
Our goal in this chapter is to answer the following question: Is it possible to design
an online scheduling scheme for a constrained network that achieves high throughput
and low delay simultaneously? Specifically, we want to design a scheme that requires
no knowledge of arrival traffic rate, and uses only the current state of the network
to obtain a delay bound of O(# of hops) with up to O(1) loss of throughput. Before
we give an answer, we discuss some related work addressing various forms of this
question.

3.1

Related Work

This question has been of interest for more than two decades. We take note of two of
the major relevant results; however, there is a vast literature that addresses various
forms of this problem. The two papers we are going to describe subsume most of the
relevant work, and hence we shall restrict ourselves to these papers.
Tassiulas and Ephremides (1992) [37] designed a "max-pressure" scheduling scheme
that is throughput optimal for a network of arbitrary topology and constraints. This
work has recently received a lot of attention because of its applicability to a wide
class of network scheduling problems [13]. The scheduling scheme they propose is an
online scheme that assumes no knowledge of the arrival traffic distribution. In addition to scheduling, their scheme routes packets in the network. However, the provable
delay bounds of this scheme scale with the number of queues in the network. Since
the scheme requires maintaining a queue for each flow at every node, the scaling can
potentially be very bad. For example, in a very recent work of Gupta and Javidi [15],
it was shown through a specific example that such an algorithm can perform very
poorly in terms of delay.
Andrews, Fernandez, Harchol-Balter, Leighton and Zhang [1] studied the problem
of scheduling flows at each node so as to minimize the worst-case delay bounds.
They show the existence of a periodic schedule that guarantees a delay bound of
O(dj + 1/Aj), where Aj is the arrival rate of flow j. Their scheme also guarantees

constant size queues at the nodes. Their result is true for a network of arbitrary
topology and loaded with traffic such that the arrival rate at every edge is < 1.
This delay bound is asymptotically optimal for periodic schedules. It is important
to notice that this result gives a per-flow delay bound. This is a big improvement
on the previously known bound of O(c + d) [22], where d = max dj, and c = max cj
with cj being the maximum congestion along the route of each flow j. A per-flow
end-to-end delay bound is more useful because, otherwise existence of a worst-case
flow will seriously deteriorate the bound. However, the model they consider is limited
- the only scheduling constraints considered are link capacity constraints, the arrival
traffic model considered is non-stochastic, and the scheduling scheme proposed is nonadaptive i.e., does not change with change in the state of the network and requires the
knowledge of arrival rates. Further, the dependence over 1/Aj is due to the adversarial
requirement. As we shall see, in our work, this requirement will be relaxed because
of the stochastic nature of traffic. It is worth noting that their delay bound subsumes
1
1-p

style term as constant in O(.) notation.
In summary, these two approaches are inherently limited: [37] has poor delay

bounds and [1] considers a limited model. Thus, these approaches cannot be directly
extended to the problem we are considering. At the same time, it is worth pointing
out that [37] considers routing while we assume knowledge of predetermined routes,
and [1] considers worst-case delay bounds while we consider average delay bounds.

3.2

Our Contribution

Using an approach that overcomes the aforementioned problems, we propose a scheduling scheme that is both throughput and delay optimal. Our main contribution is a
scheduling scheme that guarantees a per-flow end-to-end delay bound of

1--pj

, with a

factor 5 loss of throughput. Some salient aspects of our result are:
1. Our result provides a simultaneous throughput and delay bound, showing an
inherent trade-off, unlike other previous results that concentrated either on
throughput or delay.

2. Our result does not require any knowledge of the arrival rate or other traffic
statistics. Also, it does not learn them.
3. The delay bound we provide is a per-flow bound and not an aggregate bound.
This is much better because otherwise some bad flows can deteriorate the bound
making it useless.
4. We consider a wireless network with primary interference constraints, but our
result easily extends to a network operating under arbitrary constraints. For
such a network, the delay bound remains the same (up to a constant factor)
with the throughput loss dependent on the constraints (see Lemma 3.2.1 and
the discussion after it).
5. The scheme is online and adaptive.
6. We utilize the concept of emulation of a network - a powerful technique with
diverse applications - to decouple the problem into global and local scheduling
schemes.
7. Our implementation schemes are simple i.e., have O(N 2 ) complexity where N
is the number of nodes in the network. Further, they can be implemented in a
distributed iterative manner (see Section 3.9).
8. We assume a deterministic service time for each packet. For discrete-time networks, this is a more feasible assumption than stochastic service times. As will
become apparent later, this assumption complicates the analysis further.
Before we describe the model we use and formally state the main results of this
chapter, we will provide an intuitive explanation and motivation of our approach.

3.2.1

Our Approach

We first recognize that the problem at hand comprises two related sub-problems:
Global Scheduling and Local Scheduling. Global Scheduling corresponds to determining a set of links that may be active simultaneously without violating the scheduling

constraints of the network. On the other hand, local scheduling corresponds to determining which packets to move across active edges. In general these two sub-problems
are not independent. In order to make the problem tractable, our approach will be
to consider the two scheduling sub-problems separately and then put everything together. We note that such decoupling is non-trivial, and requires a careful breaking
of the problem into different layers as described next.
Our approach begins with realizing the existence of scheduling schemes for a certain class of networks that guarantee delay bounds of O(# of hops).

Continuous

time quasi-reversible networks with a Poisson arrival process and operating under
Preemptive Last-In-First-Out (PL) have a product form queue size distribution in
equilibrium (see Theorems 3.2 and 3.8 of [10]). We use this fact to prove that such
a network under PL scheduling scheme achieves a delay bound of O(# of hops). Unfortunately, this scheme cannot be directly applied to our wireless network because
we are considering discrete-time constrained scheduling in which fractional packets
cannot be transmitted. Thus, this scheme should be adapted to our case, though it
is not totally straight forward.
Presence of constraints makes this adaptation complicated. Hence, we first consider a "less-constrained" discrete-time network in which we relax the primary interference constraints. For brevity, we make the following definitions:
DEFINITION

3.2.1 (A/Vc)

Continuous-time quasi reversible network with a Poisson

arrivalprocess.
DEFINITION 3.2.2 (.A/ 2 ) Discrete-time wireless network operating under primary interference constraints. Namely, in every scheduling phase, each node can either transmit or receive - but not both - at most one packet.
DEFINITION 3.2.3 (ANo)

Discrete-time "less constrained" network in which primary

interference constraints are relaxed. Each node can transmit at most one packet in
each scheduling phase. There is no restriction on the number of packets each node
can receive in each scheduling phase.

The reason for the definition of NAo is not very clear right now. But, we shall defer
its motivation to the end of this section.
After proving that A/c, operating under PL scheduling scheme, has the required
delay bound we adapt this scheme to the discrete-time network A/o. The adaptation
we propose will retain the delay bound. This approach of modifying the PL scheme
to adapt to a discrete-time network was introduced by El Gamal, Mammen, Prabhakar and Shah in [12]. Thus, we have obtained a scheduling scheme with maximum
throughput and the desired delay bound. We have not encountered any throughputdelay trade-off so far, indicating that such a trade-off is the result of the presence of
constraints.
Of course, we are not done yet because we need a scheduling scheme for A 2 and not
A/o. For that, we utilize the concept of emulation, introduced and used in the context
of bipartite matching by Prabhakar and McKeown in [32]. Informally, we say that a
network A/ emulates another network AN, if when viewed as black-boxes the departure
processes from the two networks are identical under identical arrival processes. Thus,
the delays of a packet in A/ and AN' are equal. We propose a mechanism using stable
marriage algorithmsto emulate A/o with A/2. As we shall show, this requires running
the network A 2 at a speedup of 5 i.e., scheduling A/2 5 times in each time slot. Thus,

A/2 running at a speedup of 5 has the required delay characteristics.
Finally, since we have assumed that link capacities are 1, we cannot have 5 schedules in each time slot. Therefore, we establish an equivalence between A/ 2 operating
at speedup 5 and A/ 2 operating at speedup 1. This equivalence increases the delay
by a factor 5 and decreases the throughput by the same factor. Thus, we split the
problem into 4 layers and then put everything together. This approach is summarized
in Fig. 3-1.
Further Details: Before we end this section, we resolve the mystery around the
constraints of network A/o. We want to consider a constraint set such that the constraints do not restrict our choice of a local scheduling scheme. We note that, if we
allow each node to transmit at most one packet in each time slot, a local scheduling
scheme automatically determines a set of active links. Thus, we assume that A/o is

Figure 3-1: Approach to the design of optimal delay scheduling scheme
constrained such that every node may send at most one packet in each time slot.
The idea of emulation is central to our approach. This concept was introduced by
McKeown and Prabhakar in [32] and used by Chuang, Goel, McKeowm and Prabhakar [5] in the context of bipartite matching of switches. The emulation scheme they
propose utilizes the stable marriage algorithm and is specific to a single-hop bipartite
network with matching constraints. Bipartite graphs with matching constraints have
a nice structure, and the emulation scheme they propose does not trivially extend to
a general network case with arbitrary constraints. Here, we will modify and extend
this approach to the case of a general network with arbitrary scheduling constraints.
A bipartite graph with matching constraints requires a speedup of 2 for emulation,
while we will show that a wireless network with primary interference constraints requires a speedup of 5. If the graph of the network does not contain any odd cycles,
then this speedup can be improved to 4. We will also prove the necessity of a speedup
of 4 for emulation, implying the optimality of our result. We shall prove the following
general result:
LEMMA 3.2.1 For any constrained network A', represented by graph G, let G' denote

any sub-graph with maximum degree < 4. Let a(G') denote the minimum number of
scheduling phases required to schedule transmissions correspondingto all edges of G',
without violating the scheduling constraints. Let a denote max{a(G') : G' is degree 4
sub-graph of G}. Then, there exists an emulation scheme E under which, V running
at a speedup of a exactly emulates No.
In the case of a wireless network operating under primary interference constraints,
no two edges incident on the same node can be simultaneously active. Vizing's theorem states that a graph with degree A can be colored using either A or A + 1 colors.
Since the sub-graph in our case has degree 4, Vizing's theorem guarantees the sufficiency of 5 scheduling phases. Thus, it follows from Lemma 3.2.1 that a speedup of
5 is sufficient for emulation of K 0 by

V2.

In a network with secondary interference constraints, two directed edges (tl, rx)
and (t 2 , r2 ) cannot be simultaneously active if either (t 1 , r 2 ) or (t 2 , ri) is an edge in
the network. Thus, every edge has conflicts with at most 4A 2 edges, where A is the
degree of the network. Therefore, in this case, a speedup of 4A 2 is sufficient. Using
similar arguments, we can extend our emulation scheme to a network of arbitrary
constraints.

3.3

Model and Notation

In this chapter we consider a more general multi-hop network model. This extends
the single-hop model that we described in Chapter 2. For convenience we modify
some of the variables we introduced earlier. We consider a constrained communication
network consisting of N nodes, connected by M links. The connectivity of the system
is represented by a directed graph G(V, E), where V is the node set and £ is the edge
set. The graph is assumed to be connected. A packet may enter or depart the network
at any node. Each entering packet is routed through the network to its destination
node. There are J classes of traffic flows. Each flow j corresponds to a source node,
a destination node and a route through the network.
The routing matrix of the network, denoted by R, represents the connectivity of

nodes in different routes. It is an M x J matrix and the element rmj, corresponding
to mth edge and jth route is:

r'mj

=

S1,

if route j contains edge m

0O, otherwise
We assume that external packet arrivals occur according to a continuous-time
stochastic process, but the packets become available for transmission only at integral
times (say at the end of the time slot). We also assume that the inter-arrival times
are i.i.d. with mean 1/Aj (i.e., rate Aj) and finite variance.
The arrival rate vector A = {Aj : j = 1, ... , J} consists of the arrival rates of all
classes of traffic. The aggregate traffic flow vector T = {•Tm : m = 1,... , M}, which

represents the congestion in each link, is defined as:
= RA

Let Q,(t) denote the length of the queue at node v, v = 1,..., N. The vector

Q(t) = {QV(t) : v = 1,... , N} comprises the length of the queues at all nodes. Q(t)
is called the queue length process. The network system is said to be stable if the queue
length process Q(t) forms a positive recurrent Markov Chain.
A link is said to be active if it is scheduled to move a packet in that step. An
activation set is a set of links that may be active simultaneously. The activation set is
represented by an activation vector s. It is a binary vector with M elements, with the
mth element corresponding to the mth edge, and is equal to 1 if the mth edge is in the
activation set and to 0 otherwise. The constraint set S consists of all the activation
vectors of the system. This set completely specifies the constraints of the network
system. We assume that the 0 E S. We will primarily be concerned with primary
interference constraints. A node in a network operating under primary interference
constraints may either transmit or receive but not both, at most one packet in each
scheduling phase. We denote such a constraint set by 82. We use So to denote the
constraint set corresponding to N0o.

We say that an arrival rate vector A is feasible, if there exists a scheduling scheme
that results in a queue length process that is positive recurrent under the above model.
Let A(S) denote the set of all feasible arrival rate vectors A. Let A'(S) denote its
interior. It is easy to prove that A(S) is a convex set (in fact related to the convex
hull of S through the matrix R).
Let notation v E j or j E v denote that route

j

passes through node v. Let Aj

be the rate at which packets are arriving on route j and let f, =

.j:jEvA• be the net

rate at which data is arriving at node v.
We define effective loading pj (A) along a flow j as:

pj(A) = max
fj
vEj
Dr~ (A) denotes the average delay experienced in a network operating with a
scheduling scheme E and arrival rate vector A. The delay of a packet in the network
is defined as the number of time steps it takes for the packet to reach its destination
node after it arrives at the network. Let DE(A) denote the delay of the ith packet
of traffic flow j, j = 1,..., J, under scheduling scheme E and arrival rate vector A.
Then, the sample mean of the delay over all packets is:

1 k

DI(A) = limsup k--oo

k

D(A)

When equilibrium distribution exists, D3(A) is just the expected delay of the packet
along the path of flow j. When the context is clear, we also denote D3 simply by Di.
We also note here that the length of the path dj is a universal lower bound on the
delay.

3.4

Main Results

We now state the main results of this chapter:
THEOREM 3.4.1 Consider a network Af2 with a Poisson arrival rate vector A. If A e

then there exists a scheduling scheme E* that is constant factor delay optimal,
i.e, E,
D3.
(A) •<-pjd(5A) , for every flow j.
DI(A
5A'(So)

Theorem 3.4.1 is true for a network with arbitrary topology. In addition, if the
network does not contain any odd cycles, then the constant factor 5 in the theorem
can be improved to 4. We will also prove the necessity of a speedup 4 for our approach,
in Lemma 3.8.5 in Section 3.8, implying the essential optimality of our result.
The theorem assumes that the arrival process is Poisson. This is in no way restrictive because every arrival process can be converted into a Poisson process using
the procedure of "Poissonization" described in Section 3.10.
We shall briefly comment on the factor 1/1-pj(5A) appearing in the delay bound. A
factor of the form 1/i-pj(a\) is inevitable in the delay bound. At a first glance, it might
seem that 1/1-pj(5A) can be arbitrarily smaller than 1/1-p 3 (A).

While this is true, we

should realize that the capacity region is shrinking by a factor 5 and hence effective
loading in the network will be a multiple of 5.
In accordance with the approach we described earlier, this theorem will be a
consequence of Lemma 3.2.1 and the following two Lemmas:
LEMMA 3.4.1 Consider a network Mo with Poisson arrival rate vector A E A'(S 0 ).

There exists a scheduling scheme Eo such that the per-flow end-to-end delay of flow

j, denoted by Di, in the network No is bounded as:

dj
D' <
- 1 - pj(A)
LEMMA

3.4.2 Consider a network jAf ' with an arrivaltraffic of rate A and running at

a speedup of a. Let A denote the same network running at speedup 1. Suppose there
is a scheduling scheme E for N' that guarantees a delay of Di for flow j. Then, the
same scheduling scheme E results in a delay of aDJ for M, operating with an arrival
rate of A/o.
In the theorem and lemmas stated above, the proof is going to be constructive
i.e., we are going to prove the existence of E* and Eo
0 by explicitly constructing them

and then proving that they possess the stated properties.
We will now prove Theorem 3.4.1 and postpone the proofs of Lemmas 3.2.1, 3.4.1
and 3.4.2 to later sections. The proof of the theorem will essentially be the approach
we described earlier, but with more formalism.
PROOF OF THEOREM 3.4.1.

Consider a network .Afo operating with a Poisson

arrival process of rate 5A. Since, A e -A'(So), we have 5A e A'(So). Thus, it follows
from Lemma 3.4.1 that 3 a scheduling scheme ~Eo such that the per-flow end-to-end
delay of flow j, denoted by D3, is bounded
'
by

1l-p
-. 3dj-(5•) "

Under the primary interference constraints of A2, no two edges incident on the
same node can be active simultaneously. Hence, it follows from Vizing's theorem that
a speedup of 5 is sufficient to schedule any degree 4 sub-graph of 42. Thus, Lemma
3.2.1 tells us that 3 an emulation scheme E under which

24running at speedup 5

can exactly emulate Ao0.
We now combine XEo and E to obtain a scheduling scheme E* that guarantees
a delay bound of 1--pjd (5A) for

f2 running at a speedup of 5. By Lemma 3.4.2, this

scheme results in a delay bound of

'5

for Af 2 operating with an arrival traffic of

rate A and speedup 1.
This completes the proof of the theorem.

3.5

Organization

The rest of the chapter is organized as follows: Section 3.6 establishes the equivalence
of

P24

operating at speedup 5 and

Pf2

operating at speedup 1 and proves Lemma

3.4.2. Section 3.7 describes the properties of .Ac, adapts the PL scheme to KAo and
proves Lemma 3.4.1. Section 3.8 describes a mechanism to emulate Afo with

P/2.

It

also proves Lemma 3.2.1 and provides a counter-example to prove the necessity of
speedup of 4 for our approach. These three sections are independent of each other
and can be read in any order. Section 3.9 discusses the running time complexity of
our emulation schemes. Finally Section 3.10 describes "Poissonization" procedure.

3.6

Speedup

=

loss of throughput

Under the assumption that the capacity of the links is 1, we cannot run a network
at a speedup > 1. Hence, we need to establish a one-one correspondence between a
network running at a speedup 1 and a network running at a higher speedup. This
will enable us to implement a scheduling scheme that requires the network to run at
a higher speedup. We establish this equivalence through the proof of Lemma 3.4.2.
PROOF OF LEMMA 3.4.2.

A network running at speedup a is similar to a

network running at speedup 1, when the time is dilated by a factor of a. In this
dilated time frame, the arrivals to the network occur no more than once in every a
time slots. This dilation of arrivals can be achieved by sending the packets of each
flow into the network of speedup 1 through an external buffer. The service process
of the buffer is such that, it sends out all the packets in the buffer once every a time
slots.
We establish a correspondence between the two networks

K

and N' as follows:

Let Aj(t) denote the number of arrivals of flow j, j = 1,2,..., J, occurring at node
sj in time slot t. Let Aj (t) denote the number of packets departing from the external
buffer for flow j, in time slot t. By construction, Aj (t) = 0 for t

$

ka, for some

integer k and Aj(t) = M=1 Aj((k - 1)a + i) for t = ka. The arrival process to K' is
denoted by A'(t) and is defined as A (t) = Aj (at). Thus, the arrival rate to network

N' is a!A = A. With this construction, K is just K' running in a dilated time frame.
Hence, we can use the same scheduling scheme in both the networks. When the same
scheduling scheme is applied to both the networks, the departure process from K will
be a a-dilated version of the departure process from

K', i.e.,

a packet that departs

from N' in time slot t will depart from K in time slot at. Thus, the delay experienced
by a packet in

K

is a times the delay experienced in N'.

This completes the proof of this lemma.

D

3.7

Scheduling Policy

In this section we will design a scheduling scheme E0 that achieves a delay bound of
.j As mentioned before, we leverage the results from a continuous-time quasi-

1-p3 (N)"

reversible network with a Poisson arrival process and operating under PL queue management policy. We shall denote such a network by Arc. We will first describe some of
the properties of Afc and then prove that this network indeed has the desirable delay
properties. Once we prove that, we will modify the PL scheme to obtain a scheduling scheme E0 for the discrete-time network ANo. There is a one-one correspondence
between

o0 and A/c operating with the same Poisson arrival process and under PL

and Eo scheduling schemes respectively. We prove that the delay of a packet in A'o
operating under E0o is bounded above by the delay of the corresponding packet in A/c
operating under PL scheme. The desired delay properties of

o0 operating under Eo,

immediately follow from this bound.

3.7.1

Properties of A/c

We consider a continuous-time open network of queues A/c, with the same topology
and external arrival process as .N0. We assume that the service process of each server is
deterministically equal to 1 and a Preemptive LIFO (PL) policy is used at each server.
(Chapter 6.8 of [33]) The queue size distribution for the continuous time network A/c
with PL queue management has a product form in equilibrium (see Theorems 3.7
and 3.8 of [10]) provided the following conditions are satisfied: (a) the service time
distribution is either phase-type or the limit of a sequence of phase-type distributions
and (b) total traffic at each server is less than its capacity. In our case, the second
condition is trivially satisfied. For the first condition, we note that the sum of n
exponential random variables each with mean 1 has a phase-type distribution and
converges in distribution to a constant random variable, as n approaches infinity.
We now state and prove a theorem that bounds the expected delay experienced
along each flow. Let Di denote the net delay of a packet traveling on route j, j =
1, 2,..., J, in equilibrium. Let notation v E j or j E v denote that route j passes

through node v. Let Aj be rate at which packets are arriving on route j and let

f, =

Ej:jc, Aj be the net rate at which data is arriving at node v.

THEOREM

3.7.1 In the network A/c, in equilibrium
E[D j ] =

1-

1

"

v:vE31

PROOF.

The network A/c described above is an open network with Poisson

exogenous arrival process.

Each queue in the network is served as per LIFO-PL

policy. The service requirement of each packet at each queue is equal to unit. That
is, the service requirement of all packets are i.i.d. with bounded support. Therefore,
Theorem 3.10 [10] implies that the network A/c is an open network of quasi-reversible
queues. Therefore, by Theorem 3.8 [10] this network has product-form distribution
in equilibrium. Further, the marginal distribution of each queue in equilibrium is the
same as if the queue is operating in isolation. For example, consider queue at node v,
whose size is denoted by Qv (in equilibrium). In isolation, Qv is distributed as if the
queue has Poisson arrival process of rate ft. The queue is quasi-reversible and hence
it has distribution (by Theorem 3.10 [10]) such that

1- f
Let Q3 be the number of packets at node v of type j in equilibrium. Then, another
implication of Theorem 3.10 [10] implies that

E[Q1] =

E[Qv] =
f

.

if)
1-

By Little's Law applied to the stable system concerning only packets of route

j

at

node v, we obtain that the average delay experienced by packets of route j at node
v, E[D]], is such that
AjE[D9] = E[Qj].

That is,
1
1- fV
Therefore, the net delay experienced by packet along route j, Di is such that
1
E[Dj] = E E[Dj] =
V:VEj

V:j1-

1

fV

This completes the proof of the Theorem.

3.7.2

Scheduling Scheme ~Eo

As mentioned before, the PL policy in A/c cannot be directly implemented in No0
because complete packets have to be transferred in A(0 unlike fractional packets in
A(c and packets generated at time t become eligible for service only at time [t].
Hence, we need to adapt the PL policy to our discrete-time case. This adaptation
was introduced and used in [12]. We will now present the adaptation of PL scheme
and the proof of a lemma relating the delays in both networks, that is described in
[12].
The PL queue management scheme is modified to using a Last-In-First-Out (LIFO)
scheduling policy using the arrival times in JVc. As described above, we assume that

A/c has the same topology and exogenous arrival traffic pattern as ANo. Let the arrival
time of a packet at some node in A/c be ac and in No at the same node be so. Then,
it is served in ANo using a LIFO policy with the arrival time as [ac] instead of ao.
This scheduling policy makes sense only if each packet arrives before its scheduled
departure time in No. According to this scheduling policy, the scheduled departure
time can be no earlier than [&ac], whereas the actual arrival time is so. Hence, for
this scheduling policy to be feasible, it is sufficient to show that

0o• [ac] for every

packet at each node. Let 6 c and 6o denote the departure times of a packet from some
node in Arc and No respectively. Since the departure time at a node is the arrival
time at the next node on the packet's route, it is sufficient to show that Jo 5 [6 cl
for each packet in every busy cycle of each node in NC. This will be proved in the

following lemma.

LEMMA 3.7.1 Let a packet depart from a node in Ac and iVo at times 6 c and 5o

respectively. Then 60 < [6c].

PROOF.

The proof will be through induction on the length of the busy cycle k.

Fix a server and a busy cycle of length k of A/c. Let it consist of packets numbered
1,..., k with arrivals at times a, < ... < ak and departures at times J1,..., Sk. Let
the arrival times of these packets in No be A1 ,..., Ak and departures be at times
Al,...,Ak.

By assuming that Ai < Fai] for i = 1,...,k, we need to show that

Ai _5[65] for i = 1,..., k.

Clearly this holds for k = 1 since A1 = [A1] + 1 < [al] + 1 = [61]. Now suppose
it holds for all busy cycles of length k and consider any busy cycle of k + 1 packets.
If [ai] < [a 2], then because of the LIFO policy in ND based on times aj, we

have A•1 = Fal] + 1 < [al] + k + 1 = [61]. The last equality holds since in A/c, the
PL service policy dictates that the first packet of the busy cycle is the last to depart.
Also, the remaining packets would have departure times as if they are from a busy
cycle of length k.
Otherwise if [ai] = [a 2] then the LIFO policy in

AD

based on arrival times ai

results in A1 = [ai] + k + 1 = [61] and the packets numbered 2,... , k depart exactly
as if they belong to a busy cycle of length k. This completes the proof by induction.
[
We now prove Lemma 3.4.1 using Lemma 3.7.1
PROOF OF LEMMA 3.4.1.

Suppose No is operating under a LIFO scheduling

policy using the arrival times in AMc. Let's call this scheduling scheme Eo. Let Di and
D' denote the expected delays of a packet along flow

j

in No and A/c respectively.

Then, it follows from Lemma 3.7.1 that D < D1. Theorem 3.7.1 tells us that:

-1 fv
:45Ej
45

Therefore

Di•<

1
v:vEj

By definition, S11f , <
- 1- py(
1 A) Vv E j Hence,

D< dj
- -p(A)
This completes the proof of this lemma.

3.8

O

Emulation Scheme

In this section we will prove Lemma 3.2.1 by describing an emulation scheme E, for a
network AN with a general constraint set, to emulate N0. This problem is not tractable
when considered in such generality. Hence, as before, our approach will be to carefully
break the problem into layers, in order to make it more tractable. For that, we will
first consider the problem of designing an emulation scheme E', to emulate Ao by a
network with d-matching (directed matching) constraints. By d-matching constraints,
we mean that any node can either send or receive or simultaneously send and receive
at most one packet in each scheduling step. We shall denote such a network by .Ni.
It will turn out that .Ni requires a speedup of 2 to emulate A/0. We will state this
result as a the following lemma:

LEMMA 3.8.1 A speedup of 2 is sufficient to emulate No using JV.
Using this lemma we will now prove Lemma 3.2.1.
PROOF OF LEMMA 3.2.1.

By Lemma 3.8.1, .Nl can emulate No by running at

a speedup of 2. Thus, there are 2 scheduling phases in each time slot. In each of
the scheduling phases, the network of active edges of JVN'
1 forms a sub-graph of maxdegree at most 2. When combined, it forms a sub-graph G' of max-degree at most 4. A
network with arbitrary set of constraints may require more than two scheduling phases
to schedule the edges in G'. With a = max{a(G') : G' is degree 4 sub-graph of G}, it
follows that operating the network at a speedup of a should be sufficient for emulation.
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Figure 3-2: Construction of an equivalent bipartite graph
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3.8.1

Emulation Scheme E'

We will now describe the emulation scheme E', and prove that a speedup of 2 is
sufficient to emulate A0 by KI. As mentioned before, bipartite graphs have a nice
structure and it is easier to design a scheduling scheme for such graphs. Our approach
will be to design a scheduling scheme for a bipartite graph and then translate to our
network Ml. For that, we will establish a correspondence between P/i and a bipartite
graph. As we shall show shortly, in this correspondence, the constraints present in
A(1 will just translate to matching constraints in the bipartite graph; more specifically
no node in the bipartite graph can be matched to more than one node.
In order to utilize bipartite graphs for scheduling, we will construct a 2N node
bipartite graph from the given N node network

P4.

We shall call this bipartite graph

the "equivalent bipartite graph of MI." Suppose that the network is represented by
the graph G(V, 8). We construct the equivalent bipartite graph as follows: Take
the N nodes of the original graph and call them transmitters. Thus, Ti corresponds
to node i in the network. Make copies of these N nodes, introducing an additional
N nodes, and call them receivers. Now, R, corresponds to node i in the network.
Complete the construction of the bipartite network by introducing an edge between
nodes Ti and Rj if and only if (i, j) E S.
As we shall see shortly, the queuing mechanism used at each of the nodes plays
a crucial role in the emulation scheme. In fact, intelligent queue management at
each node is the reason why the emulation scheme works. Each node will maintain

three queues of packets: arrival queue, relay queue and departure queue. In each
scheduling step, every packet arriving to a node is pushed into the arrival queue. The
only exceptions are packets that reach their destination node, where they are pushed
into the departure queue. In each time slot, exactly one packet is moved from the
arrival queue and pushed into the relay queue. Only packets present in the relay
queue are scheduled, i.e., in each scheduling step the packet present at the head of
the relay queue is moved across the active link.
It is now clear that our emulation scheme essentially comprises determining the
set of active edges in each of the scheduling phases and determining which packet to
move from the arrival queue and push into the relay queue in each time slot. Before
we can describe the emulation scheme, we need to establish notation and definitions.

Notation: We shall denote the departure time of a packet p from node v in network
ANo by D(p, v, 0) and the departure from the same node in Al by D(p, v, 1). Similarly,
A(p, v, 0) and A(p, v, 1) denote the arrival times of the packet p at node v in networks
ANo and K1 respectively.
With this notation we shall formally define emulation as follows:
DEFINITION

3.8.1 (EMULATION)

Consider two networks K andAf' operating under

the same arrival process i.e., for any packet p, A(p, vu, 0) = A(p, v., 1), where v,
is the source node of packet p. Then, we say that K' emulates K if and only if
D(p, vd, 1) = D(p, Vd, 0), where

vd

is the destination node of the packet.

The following definitions are crucial to the scheme that we are going to describe:
DEFINITION 3.8.2 (CUSHION)

Suppose a packet p is located in the relay queue of

node v. Denote the next hop of p by v'. Then, the cushion of p is defined as the number
of packets p' located in the arrival queue of v' such that D(p', v', 0) < D(p, v', 0).
DEFINITION 3.8.3 (PRIORITY)

Consider a packet p located in the relay queue of

node v. Then, its priority is defined as the number of packets that are ahead of it in
the relay queue of v.

DEFINITION 3.8.4 (SURPLUS)

The surplus of a packet p, denoted by q(p), is de-

fined as the difference between its cushion and priority, i.e., rT(p) = Cushion of p Priority of p.
DEFINITION 3.8.5 (SCHEDULE PRIORITY LIST) Consider a packet p located in the

relay queue of node v.

Let v' denote its next hop. A packet p' is present in the

Schedule PriorityList of p if and only if D(p', v', 0) < D(p, v', 0).
This completes the definitions and notation that we require. We will now describe
the emulation scheme E'.
Emulation Scheme E': One of the tasks of the emulation scheme is moving a packet
from the arrival queue and pushing it into the relay queue. This comprises choosing
a packet from the arrival queue and determining where to insert in the relay queue.
We now describe a procedure for this. In each time slot t, the packet p in the arrival
queue of node v, that satisfies D(p, v, 0) = t will be chosen to be moved from the
arrival queue to the relay queue. This packet will be inserted into the relay queue
using the Urgent Cell First (UCF) Insertion policy. According to this policy, a packet
being moved from an arrival queue will be inserted into the relay queue such that
its surplus is non-negative. This is achieved by determining the packet's cushion just
before insertion and then pushing it such that its priority < cushion.
The only aspect of the emulation scheme left to be designed is the policy to
determine the set of active links in each of the scheduling phases. As mentioned
earlier, we will first describe a scheduling scheme for the "equivalent bipartite graph
of ANl".

Using the correspondence described above, the schedule obtained for the

bipartite graph will be mapped back to the original network.
The equivalent bipartite graph of .Nl will be scheduled using stable marriage
algorithms. In each of the scheduling phases, we use the stable marriage algorithm
to come up with a stable matching of the bipartite graph. We define stable matching
as follows: A matching of the transmitters and the receivers is called stable matching
if for every packet p in one of the relay queues, one of the following hold:
1. Packet p is transferred to its next hop.

2. A packet that is ahead of p in its relay queue is scheduled.
3. A packet that is in the Schedule Priority List of p is transferred to the next hop
of p.
This completes the description of the emulation scheme.
A stable matching can be obtained using Stable Marriage Algorithms. Gale and
Shapely [11] gave an algorithm that finds a stable matching. We shall further discuss
determination of stable matchings in Section 3.9.

3.8.2

Proof of Lemma 3.8.1

In each time slot t, the emulation scheme requires us to move a packet p that satisfies
D(p, v, 0) = t, from the arrival queue to the relay queue of node v. This makes sense
only if the packet p arrives at node v of network Ni before D(p, v, 0) i.e., for every
packet p we have A(p, v, 1) 5 D(p, v, 0). If this condition is true for every node, then
the packet p will arrive at its destination node Vd in Ni before its scheduled departure
from .AO. Then, we can send the packet p from Ni in time slot D(p, Vd, 0), thus
perfectly emulating Af0 . Hence, it is sufficient to prove that A(p, v, 1) • D(p, v, 0),
for every packet at every node, to prove Lemma 3.8.1.
Thus, Lemma 3.8.1 is a direct consequence of the following lemma:
LEMMA 3.8.2 For every packet p of Afi, operating under the emulation scheme E',
we have
A(p, v, 1) 5 D(p, v, 0)
for every node v on its path.
The result of the following lemma will be required for the proof of Lemma 3.8.2
and hence we shall prove it first.
LEMMA

3.8.3 For every packet p in .N operating under E', its surplus 77(p) > 0.

PRooF.

Suppose that the packet p is present in the relay queue of node v. When

the packet enters the relay queue of the node, UCF insertion policy ensures that its

surplus is non-negative. Therefore, it is sufficient to prove that the surplus of the
packet is non-decreasing with time. We will prove that surplus is non-decreasing by
essentially inducting on time t.
To establish this, we will consider the change in 7(p) during a time slot t. During
each of the scheduling phases of A 1 ,either the priority decreases by 1 or the cushion
increases by 1 or both occur (because of stable matching). Thus, at the end of the two
scheduling phases q(p) would have increased at least by 2. When a packet is moved
from the arrival queue and pushed into the relay queue, priority may increase by 1
or cushion may decrease by 1 or both an increase in priority and decrease in cushion
may occur. Thus, during this q(p) decreases at most by 2. Thus, by the end of the
time slot t, 7(p) does not decrease and hence q(p) is non-decreasing. This completes
the proof of this lemma.
PROOF OF LEMMA 3.8.2.

D
We use induction on time t. As the induction hypoth-

esis, we assume that A(p, v, 1) < D(p, v, 0) for all packets p such that D(p, v, 0) < t.
For t = 1, all packets p in the network AI that satisfy D(p, v, 0) < 1 are at
their respective source nodes at the beginning of time slot 1. Thus, the condition
A(p, v, 1) = A(p, v, 0) • D(p, v, 0) is satisfied. Thus, the induction hypothesis is true
for the base case.
Now assume that it is true for some t. We want to prove that any packet p that
satisfies D(p, v, 0) = t + 1 also satisfies A(p, v, 1) < D(p, v, 0).
When v is the source node, we have A(p, v, 1) = A(p, v, 0) 5 D(p, v, 0) and hence
the result is true. Now, suppose that v is the not the source node of the packet p. Let's
suppose that the packet is located at node v' in network M, at the beginning of time
slot t + 1. If v' is either v or one of its later hops then A(p, v, 1) < t + 1 = D(p, v, 0)
and hence we are done. If this is not true, then v' has to be one of the previous hops
along the path of p. Let v" denote the hop of p just before arriving at node v. Since,
D(p, v, 0) = t + 1, we should have D(p, v", 0) < t + 1. Thus, it follows from induction
hypothesis that A(p, v", 1) _ D(p, v", 0) < t + 1. Thus, if v' is neither v nor one of its
later hops, then it has to be v".
Since A(p, v", 1) < D(p, v", 0) < t + 1, the packet p will be located in the relay

queue of node v" at the beginning of time slot t +1. The cushion of packet p is clearly
0. Lemma 3.8.3 tells us that the surplus is always non-negative. Thus, the priority
of p should also be 0 i.e., p is at the head of the relay queue of node v". Every packet
p' present in the Schedule Priority List of p is either already at v or moved beyond
v. To see why, consider a packet p' in the list. Then, by definition it should satisfy
D(p',v, 0) < D(p, v, 0) = t + 1 and hence already would have been transferred to
or beyond the arrival queue of node v, by induction hypothesis. Thus, the packet
p is at the head of its relay queue and there is no packet p' in its Schedule Priority
List that can be moved to v. Therefore, the stable marriage algorithm schedules this
packet p in time slot t + 1 and moves it from the relay queue of v" to the arrival
queue/departure queue of node v. Thus, A(p, v, 1) = t + 1 < D(p, v, 0).
The result of the lemma follows by induction.

3.8.3

Optimality of the scheme

In this section, we will prove the necessity of a speedup of 4 for the emulation of
A/0 using

K2 .

Taking into account the sufficiency of speedup 4 for graphs without

odd cycles, this essentially implies the optimality of our result for .2. The necessity
result will be proved through a carefully constructed counter-example that requires
a speedup of at least 4 for any emulation scheme. We will first construct a counterexample for a bipartite graph with d-matching constraints, that requires a speedup
of 2 for emulation of Ko. This will prove the necessity of speedup 2 for emulation of
AJ0 using A/'I. The counter example for the bipartite graph will then be extended to
network V2.
The counter example we are going to construct is a non-trivial modification and
extension of the counter example given in [5]. The counter example of [5] proves the
necessity of a speedup of 2 for the special case of single-hop bipartite networks. In
the counter-example to be constructed, we will use fractional speedups. In fact, we
are going to prove the necessity of a speedup of 4 for
. A fractional speedup
of 4 - - means that there are 4N - 1 scheduling steps for every N time slots.
We state the result of this section as the following two lemmas:
We state the result of this section as the following two lemmas:

LEMMA

3.8.4 An 8N node network ff

requires a speedup of at least 2 - -I for the

emulation of a FIFO f 0 .
LEMMA 3.8.5 A 12N node network A2 requires a speedup of at least 4-

- to exactly

emulate a FIFO Nf.
PROOF OF LEMMA

3.8.4.

Consider a 4N x 4N complete bipartite graph. As

before, call one set of 4N nodes transmitters and the other set of 4N nodes receivers.
Ti and Rt, for i = 1, . . ., 4N, denote transmitter and receiver nodes respectively.
Packets arrive to the network only at transmitter nodes and leave the network only at
receiver nodes. This is a single-hop network. We assume that the network is operating
under d-matching constraints, i.e., in each scheduling phase, each transmitter can
transmit at most one packet and each receiver can receive at most one packet. Thus,
the set of active edges should form either a partial or complete matching. In the
corresponding "less constrained" network, Afo, of this bipartite graph, each receiver
can receive more than one packet in a scheduling phase. Thus, all the packets arriving
to the network are immediately moved from transmitters and queued at the receivers.
We will now describe an arrival traffic pattern for the bipartite graph which results
in a speedup of 2- -.

This non-integral speedup corresponds to having one truncated

time slot out of every 4N time slots. The truncated time slot contains only one
scheduling phase, whereas the 4N- 1 non-truncated time slots contain two scheduling
phases. We also assume that the scheduling algorithm does not know in advance
whether a time slot is truncated or not.
The arrival traffic pattern that gives the lower bound is as follows: The traffic
pattern spans 4N time slots, the last of which is truncated. Each packet is labeled
as P(i, j), where i denotes the receiver node to which it is destined and j denotes the
time of departure from the corresponding "less constrained" network.
In the i t h time slot, where i = 1, 2,..., 4N - 3, the transmitter nodes Ti to T(i+3)

receive packets, all of them destined to the receiver node Ri. In the corresponding
less constrained network N0, these packets are immediately moved and queued at the
node R,. We assume that the packet arriving at Tj in time slot i, j = i, i+1, i+2, i+3
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Figure 3-3: Arrival traffic pattern for the case N = 2
leaves the network

KN
0 in

time slot j. Thus, according to our notation, this packet

will be denoted by P(i, j). Also, in time slot i, node Ti has the packet of lowest time
to leave.
For i = 4N - 2, 4N - 1 and 4N, the transmitter nodes with the lowest time to
leave in each of the previous i - 1 time slots do not receive any more packets. In
addition, the rest of the transmitter nodes receive packets, all destined for the same
receiver node, RI. The traffic pattern is depicted in Fig. 3-3 for the case N = 2.
This traffic pattern can be repeated as many times as required to create arbitrarily
long traffic patterns. We now look at the scheduling order of the packets for this traffic
pattern.
Let's first consider the case of N = 1. The N = 1 case is exactly similar to the
4 x 4 switch counter example described in Appendix A of [5]. Thus, as described in
that paper, there is only one possible scheduling order as shown in Fig. 3-4. The
speedup required in this case is equal to

which is equal to 2 -

.

We now consider the N = 2 case. Using arguments similar to the N = 1 case, we
conclude that there is only one possible scheduling order as shown in Fig. 3-5. Thus,
a speedup of

-

or 2 -

is required for exact emulation.

This procedure can be repeated for an arbitrary N to obtain a minimum speedup

Phase

R1

1

P(1,1)

R2

2

P(1,2)

3

P(1,3)

P(2,2)

4

P(1,4)

P(2,3)
P(2,4)

5

R4

R3

P(3,3)
P(3,4)

6

P(4,4)

7

Figure 3-4: Scheduling order for the given arrival traffic pattern for N = 1
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Figure 3-6: A 4 x 4 bipartite graph with transmitter nodes connected to source nodes
of 2 - _,
4N' thus proving the lemma.
PROOF OF LEMMA 3.8.5.

F

We now extend the previous counter example to a

network with .A2 constraints. For that, consider a 12N node network obtained by
connecting each of the transmitter nodes of the 4N x 4N bipartite graph to an isolated
node using a single edge. This is shown in Fig. 3-6 for N = 1. Call the newly added
nodes source nodes. We assume that this is a two-hop network, in which, packets
arrive only at source nodes and depart the network only from receiver nodes. We
also assume that the network is operating under d-matching constraints, i.e., each
node can either transfer or receive or simultaneously transfer and receive at most one
packet during each scheduling phase.
Suppose that the arrival traffic pattern applied to this network is same as that
described above for the bipartite graph, the only difference being that now the packets
arrive at the source nodes instead of arriving at the corresponding transmitter nodes.
The output traffic pattern for the corresponding less constrained network Ko0, will be
identical to the previous case except for a delay of one time slot.
We claim that a minimum speedup of 2 - 4N
_ is required for emulation of Ar0.
For that, we assume that the first time slot is truncated i.e., has only one scheduling
phase. The subsequent distribution of scheduling phases is the same as before i.e.,
one truncated time slot for every 4N time slots. In the first time slot, all the packets
at the source nodes are transferred to their corresponding transmitter nodes. In fact,
in every time slot, the packets arriving at the source nodes can be transferred to the
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Figure 3-7: Scheduling order for the given arrival traffic pattern for a bipartite graph
with source nodes and operating under d-matching constraints
transmitter nodes, in one of the scheduling phases, independently of the scheduling
order. Thus the state of the bipartite graph in the network, from the second time slot
onwards, is exactly the same as that of the bipartite graph described above. Hence,
there can only be one scheduling order as described above, with everything delayed
by one time slot. This is depicted in Fig. 3-7. Thus, a minimum speedup of 2-

-I is

required for precise emulation of No. We note that, the additional time slot required
in the beginning will lead to arbitrarily small change in the speedup for arbitrarily
long traffic patterns, and hence we neglect it.
We now carry out another modification to the above 12N node network to obtain
another 12N node network as follows: The source nodes and the edges going out of
them are kept intact. The 4N x 4N bipartite graph in the network is replaced by
a 4N node complete graph. The edges coming out of each of the source nodes are
connected to each of the 4N nodes of the network. We then add 4N additional nodes
and connect each of them to each of the 4N nodes of the complete graph. Fig. 3-8
shows the network for N = 1.
We will consider the scheduling of this network by establishing a one-one correspondence between this network and the 12N node network with a bipartite graph
we've just described. The source nodes and the edges coming out of them, of both the
networks are mapped to each other. The 4N transmitter nodes, TI, T 2 , ...- , T4N, of

the bipartite graph are mapped to the 4N nodes of the complete graph. The receiver
nodes R 1 , R 2 , ... , R4N are also mapped to the nodes of the complete graph as follows:

for i = 1,..., 4N - 1, Ri -- (i + 1) and R4N

---

1. The additional 4N nodes will be

labeled 1', 2',..., 4N', with the node i of complete graph connected to node i', for
i = 1,2,..., 4N. We shall call these additional nodes primed nodes. None of the
nodes of the network with bipartite graph will be mapped to these nodes. Since we
have mapped both the transmitter and receiver nodes to the same set of 4N nodes
of the complete graph, translation of an arrival traffic pattern from the network with
bipartite graph to the network with complete graph might result in packets to be
transferred from a node to itself. In such a scenario, we assume that the packet is
transferred from node i to node i'.
We assume that the arrival traffic pattern described for the bipartite graph is
applied to this network. It is easy to see that, with Af0 constraints, this network will
have the same output traffic pattern. Therefore, from the argument given for the
bipartite graph and the one-one correspondence, it follows that a speedup of at least
2-

1 is necessary for this network operating under d-matching constraints to emulate

its corresponding less constrained network. Since the transmitter and receiver nodes
are mapped to the same set of nodes of the complete graph, the schedules obtained
may not be directly implementable for this network with Af2 constraints. We now
argue that this network with Af2 constraints will require a speedup of at least 4 - N1
for exact emulation of jo.
We prove the claim for the case N

=

1. Proof of the general case is very similar.

The scheduling order for this network with d-matching constraints is shown in Fig.
3-7. Fig. 3-9, Fig. 3-10 and Fig. 3-11 depict the active edges during time slots 2, 3
and 4 respectively. It is easy to see from the figures that this network with d-matching
constraints will require a speedup of 2 in time slots 2, 3 and 4, whereas network with
Af2 constraints requires a speedup of 3 in time slot 2 and a speedup of 4 in time slots
3 and 4. This makes the net speedup 7 or 2 for J and 3 or 4 for jV. Since
the scheduling order of Fig. 3-7 is the only possible scheduling order implementable
in network with d-matching constraints, it follows that the same scheduling order is
the only possible scheduling order for Af2 and hence a speedup of 3 is necessary.
This argument can be easily extended to a general case and thus we have proved
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that a speedup of 4 - 1 is necessary for the precise emulation of a FIFO output
queued network.

3.9

O

Implementation

We now discuss some of the implementation issues of our scheme. The ensuing discussion will demonstrate the feasibility of implementation. It should be kept in mind
that our result is a proof of concept, and by no means we are stiggesting that it is
practically implementable in its current form.
Recall that there are two main 'sub-routines' that are utilized by our algorithm: (a)

Simulation of .Ac to obtain the arrival times for scheduling .No; (b) Stable marriage
algorithm for determining a stable matching. It is easy to verify that the computation
complexity of these dominate the overall complexity of the algorithm.
We assume that simulation of .Ac is being carried out by a control layer in the
network. Preemptive last-in-first-out scheme is carried out in this control layer, but
without any exchange of actual packets. This can be implemented in a distributed
fashion. This exchange of control information would require O(N), where N is the
number of nodes in the network, operations per time slot.
Now, the stable marriage algorithm. As mentioned earlier, [11] describe a simple,
iterative algorithm to determine a stable matching in O(N) iterations. Each node requires O(1) operations to determine preferences (from corresponding less constrained
network). Thus, a total of O(N 2 ) operations are required per scheduling phase.
Putting everything together, our emulation scheme requires O(N) iterations and
O(N 2 ) operations per scheduling phase.

3.10

Poissonization

Theorem 3.4.1 assumed that the arrival process is Poisson. This is not restrictive
because any arrival process can be converted into a Poisson process through "Poissonization." Poissonization can be carried out as follows:

Poissonization

: Consider an arrival process of rate A to a node. The arrivals are

queued in a separate "preprocessing" buffer and the departures from the buffer are
fed into the network. The buffer is serviced according to a Poisson process of rate A.
A packet is sent out for every service token generated, when the buffer is non-empty.
When the buffer is empty, a dummy packet is sent out for every service token, thus
ensuring a departure process that is Poisson with rate M.
Clearly, preprocessing buffer is a G/M/1 queue and has a finite expected queue
length for M > A. Kingman's bound implies that the delay of the G/M/1 queue scales
like

0(Pj (,)pj(A)) because the mean and variance of the arrival process are finite. Due to

convexity of the region A(S), it is possible to choose a p such that p > A, 1 - pj (p) =
0(1 - pj (A)) and pj (p) - pj (A) = 8(1 - pj (A). Therefore, our delay bound changes
by only by an additive term of O(lp•(

).

Chapter 4
Fairness in single-hop networks 1
This chapter describes the design of a fair scheduling algorithm for a single-hop network.

Designing a network scheduling algorithm that is fair comprises two sub-

problems.

The first is defining a reasonable notion of fairness and the second is

designing an algorithm to achieve that notion of fairness. These two sub-problems
are closely interrelated. Defining an appropriate notion of fairness is very critical to
the effectiveness of the algorithm and is often not an easy task. Single queue fairness
is a widely studied problem in the literature and there are several notions of fairness
defined and algorithms designed for the case of single queues. Unfortunately, these
algorithms do not directly generalize to arbitrary networks because of the presence
of constraints. Such generalizations have been studied in the literature mainly in
the context of congestion control and the design of fair algorithms for input queued
switches. But, most of these generalizations extend the flow-based notion of fairness to networks. Since a network mainly comprises of short flows, these flow-based
generalizations are at best crude approximations. Thus, there is a need to define a
packet-based notion of fairness that can be generalized to arbitrary constrained networks. In that direction, we begin with a review of existing work on the design of fair
scheduling algorithms.

'Some preliminary results of this chapter were presented at the Proceedings of IEEE INFOCOM

[17]

4.1

Related Work.

We first begin with the work on single queue fairness. Fair scheduling in single queues
has been widely studied since the early 1990s. In one of the earliest works, John Nagle (1987) [26] proposed a fair algorithm for single queues called "Fair Queuing." As
mentioned earlier, fair scheduling is required to minimize starvation and limit the
negative impact of rogue sources. In order to achieve this, Nagle proposed maintaining separate queues for different flows and serving them in a round-robin fashion.
This is a great and simple to implement solution, but it works only when all the
packets are of equal size. In order to overcome this problem Demers, Keshav and
Shenker (1989) [7] proposed the notion of Weighted Fair Queueing (WFQ) and its
packetized implementation. Parekh and Gallager (1993, 1994) [30, 31] analyzed the
performance of this packetized implementation and showed it to be a good approximation of Generalized ProcessorSharing (GPS). Shreedhar and Varghese (1996) [35]
designed a computationally efficient version of weighted fair queuing called Deficit
Weighted Round Robin (DWRR). Even though all these algorithms are fair, they are
very complex and expensive to implement. Hence, there was a lot of work done on
achieving approximate fairness for Internet routers through FIFO queuing and appropriate packet dropping mechanisms. Examples include RED by Floyd and Jacobson
(1993) [8], CHoKe by Pan, Prabhakar and Psounis (2000) [29], and AFD by Pan,
Prabhakar, Breslau and Shenker (2003) [28].
To address the issue of fairness in a network, Kelly, Maullo and Tan (1998) [19]
proposed a flow-level model for the Internet. Under this model, the resource allocation
that maximizes the global network utility provides a notion of fair rate allocation. We
refer an interested reader to survey-style papers by Low (2003) [24] and Chiang et.al.
(2006) [4] and the book by Srikant (2004) [36] for further details. We take a note
of desirable throughput property of the dynamic flow-level resource allocation model
(see for example, Bonald and Massoulie (2001) [3], and de Veciana, Konstantopoulos
and Lee (2001) [6]). This approach, though valid for a general network with arbitrary
topology, does not take scheduling constraints into account.

We next review the work done on the design of fair scheduling algorithms for Input
Queued (IQ) switches. Switches are the most simple - at the same time, highly nontrivial - examples of constrained networks. They form the core of Internet routers
and there is extensive literature dealing with the design and analysis of various switch
architectures and scheduling schemes. A switch is essentially a bipartite network with
input ports and output ports. The function of a network switch is to move packets
from the input ports to the output ports using the switch fabric, just like the traffic
at a traffic junction. Depending on the placement of buffers and the switch fabric,
there are mainly two kinds of switch architectures - input queued switches (IQ)
and output queued (OQ) switches. As their names suggest, input queued switches
have buffers only at input ports, while output queued switches have buffers only
at the output ports. The input queued switch has a cross-bar switch fabric that
imposes the following natural constraints: only one packet can be moved from (to)
each input (output) port in each time slot. On the other hand, since an output
queued switch has buffers only at output ports, packets arriving at the input ports
are immediately transferred to their respective output buffers. Thus, there are no
scheduling constraints at the switch fabric in an output queued switch. Because of
this, the memory in an output queued switch has to operate much faster than the
memory in an input queued switch. In most high-speed switches, memory bandwidth
is the bottleneck and hence input queued switches are more popular and widely
deployed, while output queued switches are idealized versions that are easy to study.
It is clear from the description that scheduling in output queued switches is equivalent to that of single queues. Hence, fair scheduling in output queued switches just
corresponds to implementing single queue fair algorithms at different output queues.
Unfortunately, such extension is not possible for input queued switches because of
the presence of constraints. One approach is to emulate the performance of an OQ
switch by means of a IQ switch running with a minimal speedup. An IQ switch is
said to be running with a speedup S, if it can be scheduled S times in each time slot.
This approach was taken by Prabhakar and McKeown (1999) [32] and Chuang, Goel,
McKeown and Prabhakar (1999) [5], where they showed that essentially a speedup

of 2 is necessary and sufficient for emulating an OQ switch. With the OQ switch
operating under any of the various policies like FIFO, WFQ, DWRR, strict priority,
etc. fairness can be achieved. Equivalently, if an IQ switch is loaded upto 50% of its
capacity and the notion of fairness is defined by policies like FIFO, WFQ, DWRR,
strict priority, etc., then by emulating an OQ switch with these policies, it is possible
to have fair scheduling for the IQ switch. However, for higher loading this approach
will fail due to inability of emulating an OQ switch.
This necessitates the need for defining an appropriate notion of fairness that cleverly and in a reasonable manner combines the preferences of packets based on some
absolute notions along with the scheduling constraints. In principle, this question
is very similar to the question answered by utility maximization based framework
for bandwidth allocation in a flow network. In fact, most of the existing literature
on fair scheduling algorithms for input-queued switches is concerned with the notion
of flow-based fairness. In these approaches, a flow is identified with all the packets
corresponding to an input-output pair. There are two main approaches taken in the
literature for the design of fair algorithms for IQ switches. One class of fair algorithms implement a fair scheduling scheme at each of the servers in the switch and
then carry out an iterative matching. This approach is based on the Distributed
Packet Fair Queuing architecture. Examples of this approach include iPDRR proposed by Zhang and Bhuyan (2003) [40], MFIQ proposed by Li, Chen and Ansari
(1998) [23], and iFS proposed by Ni and Bhuyan (2002) [27]. This approach completely ignores fairness issues that arise because of scheduling constraints and hence
need not guarantee an overall fair bandwidth allocation. In order to overcome this,
Hosaagrahara and Sethu (2005) [16] and more recently Pan and Yang (2007) [38]
propose algorithms to calculate overall max-min rates of different flows, taking into
account contention at all levels. But this approach requires knowledge of rates of
flows and hence, the system should either learn these rates or know them a priori.
Thus, most of the literature on the design of fair scheduling algorithms for constrained networks is limited in either ignoring fairness issues caused due to scheduling
constraints or directly borrowing flow-based fairness notions and allocating bandwidth

accordingly. Here, it is important to emphasize the limitations of a flow-based approach: (a) network traffic predominantly contains "short-flows", while flow-based
approach requires existence of ever-lasting traffic thereby inducing huge delays when
applied naively, (b) flow-based approach requires knowledge of traffic rates, which it
may have to learn, (c) our unit of data is a packet and modeling it as a flow is just an
approximation, and (d) packets have priorities and they lack explicit utility functions.
In summary, our question is inherently combinatorial which requires dealing with
hard combinatorial constraints unlike the resource allocation in a flow network which
deals with soft capacity constraints in a continuous optimization setup.

4.1.1

Our contribution.

Having identified the limitations of the existing approaches, we realize the need to first
define a notion of packet-based fairness and then design an algorithm to realize that
fairness. We define a notion of packet-based fairness by establishing a novel analogy
of the scheduling problem with the ranked election problem. Since ranked election is
a widely studied problem in the Political Science literature, this analogy enables us
to leverage these results in a straight forward manner. This analogy yields not only a
notion of packet-based fairness, but also an algorithm to realize this notion of fairness.
Additionally, this analogy provides a valuable new insight into the Maximum Weight
style algorithms, that are popular for network switches.
We also prove that our algorithm, along with providing fairness, utilizes resources
efficiently. In other words, we prove that our algorithm achieves 100% throughput.
This is a rather surprising result and there is no a priori reason why this should be
case. This is a non-trivial result to prove and the proof does not follow from the
standard Lyapunov-Foster or Fluid Model techniques. The difficulty arises because
the state function that we introduce has an incremental difference that is not directly
related to queue sizes or waiting times.

In the process of proving the result we

introduce several proof techniques that are potentially applicable to a wider class of
problems.

4.2

Model and Notation.

In this chapter we use the single-hop network model and notation introduced in
Chapter 2. The additional notation and definitions required will be described now.
As mentioned earlier, the difficulty in designing a fair scheduling algorithm for
networks arises because of the presence of constraints. In the absence of such constraints, the notion of fairness is equivalent to that of a single queue. Thus, we define
an ideal network that is constraint-free, whose performance we want to emulate. This
is in some sense the best we can do in providing fairness and thus it will serve as a
benchmark for defining notions of fairness. More formally, we define a constraint-free
network (CFN) as network consisting of only output queues. Thus, every packet is
moved to its destination immediately after its arrival to the network. Therefore, for
a CFN, every possible schedule is a feasible schedule and hence the cardinality of S
is 2 N . Along with a CFN, we also define a shadow constraint-free network as follows:

DEFINITION 4.2.1 Given a single-hop network Af, a network AN' of the same topology,

loaded with the same arrival vector A, and which contains only output queues is called
the shadow constraint-freenetwork of K. Since it has only output queues, every packet
that enters the network is immediately transferredto its corresponding output queue.

Let Cj (n) denote the cumulative departure process i.e.,
Cj(n) = E Sj(n)1{Q,(m)>o}.

(4.1)

m<n

We call a system rate stable or simple stable if the following holds with probability

1: for 1 < j

N,
lim

n--oo

(n)

A•

(4.2)

n

In their seminal work, Tassiulas and Ephremides (1992) [37] (and independently
obtained by McKeown et. al. (1996) [25]) showed the rate stability of the maximum

weight schedule algorithm, which chooses schedule S*(n) so that
N

S*(n) E argmax E Qj(n)Sj
SES
j=1
Since these results, there has been a significant work on designing high-performance,
implementable packet scheduling algorithms that are derivatives of maximum weight
scheduling, where weight is some function of queue-sizes. All of these algorithms are
designed to optimize network utilization as well as minimize delay (for example, see
recent work by Shah and Wischik (2006) [34]). However, these algorithms ignore the
requirement of fairness. Specifically, it has been observed that the maximum weight
based algorithm can lead to unwanted starvation or very unfair rate allocation when
switch is overloaded (for example, see work by Kumar, Pan and Shah (2004) [21]).
We provide a simple example of a switch to illustrate this: Consider a 2 x 2 switch
with arrival rate matrix A11 = A21 = 0, A12 = 0.6, A22 = 0.5. Here Aij corresponds to
the arrival rate of traffic at input port i for output port j. Under this loading, output
port 2 is overloaded. If OQ switch has Round Robin (or Fair) policy at output 2 so
that traffic from both inputs is served equally, then input 1 will get rate 0.5 and input
2 will get rate 0.5 from output 2. However, the maximum weight matching policy,
with weight being queue-size (or for that matter any increasing continuous function
of queue-size), the algorithm will try to equalize lengths of queues at both inputs.
Therefore, input 1 will get service rate 0.55 while input 2 will get service rate 0.45
from output 2.

4.3

Our approach.

We will now briefly explain the analogy between network scheduling and rankedelection process. Ideally, given a network, we would want to design an algorithm
to emulate the performance of its shadow constraint-free network.

But, as noted

earlier, this would lead to a reduction in effective capacity. In order to fully utilize
the network capacity, we need to define a notion of fairness for queues in contention.

Inherently, each queue prefers to be served. Thus, each queue has preferences over
all feasible schedules. We obtain relative order of preferences between various queues
with the help of its shadow constraint-free network operating under an appropriate
policy, running in the background (such policy, e.g. FIFO or WFQ at the output
queue of the shadow constraint-free network will decide the departure times of the
packets). Here, a packet has higher preference than another packet if its departure
time from the shadow CFN is earlier than that of the other packet. Since we can use
any cardinal preferences to implement the ranked-election algorithm, choice of CFN
departure times might seem arbitrary. Intuitively, this choice enables us to leverage
the well studied notion of packet-based fairness for single queues.
Under this setup, the problem of fair scheduling is one of choosing a fair "socially" preferred schedule. This is equivalent to the ranked-election problem: packets
(or queues) are voters, schedules are candidates and each packet has a ranking of all
the schedules. The question of ranked-election is very well-studied in the economics
literature (also called theory of social choice). In our setup, the preferences of packets
over schedules are naturally quantitative. When preferences over candidates are quantitative (or cardinal in language of economics literature), Goodman and Markowitz
(1952) [14] prove that under certain socially-desirable postulates (detailed in Section
4.4), a simple function of those preferences will give a uniquely preferred outcome.
Following this, we show that the preferred schedule is equivalent to a maximum weight
matching where the weights are related to preference levels.
Thus, we obtain a definition of fair scheduling by combining the preferences of
packets derived from a virtually running shadow CFN along with the ranked election
algorithm. We establish that such an algorithm is throughput optimal under standard
stochastic model of a network. To prove throughput optimality (rate stability to
be precise), we use an appropriate quadratic Lyapunov function. However, we are
unable to use the standard stability proof technique based on Foster's criterion, as
the Lyapunov function is not a function of queue-size, but is function of preferences
derived from the shadow CFN. This makes the analysis rather non-trivial.
To explain the consequences of our algorithm on fair emulation, we present sim-

ulations for algorithms based on FIFO OQ switch. Intuitively, our fair algorithm
should be able to reduce the queue-size (or delay) as well as get rid of starvation
caused by well-known throughput optimal algorithm. Our simulation results clearly
confirm this intuition.

4.4

Ranked election.

In this section we take a digression into Political Science literature to describe the
ranked election problem.
DEFINITION

4.4.1

(RANKED ELECTION)

There are M voters that vote for C candi-

dates. Vote of each voter consists of a ranking (or permutation) of all C candidates.
These votes can additionally carry quantative values associated with theirpreferences.
Let ame denote the value voter m gives to candidate c, for 1 < m < M, 1 < c < C.
The goal of the election is to relative order all the C candiates as well as produce the
ultimate winner in a manner that is consistent with the votes.
The key for a good election lies in defining consistency of the outcome of election
with votes. The following are canonical postulates that are used in the literature on
ranked election:
P1. Between any two candidates c and c', suppose that none of the M voters prefers
c' to c and at least one voter prefers c to c'. Then c' should not be ranked higher
than c in the output of the election. This property corresponds to the economic
notion of weak Pareto optimality.
P2. Suppose the voters are renumbered (or renamed) while keeping their votes the
same. Then the outcome of election should remain the same. In other words, the
election outcome is blind to the identity of the voters, that is election outcome
is symmetric.
P3. Now, consider the setup when the votes are cardinal (i.e., quantitative). Suppose
candidate c is preferred to c' by the election. Then, by adding the same fixed

constant to all ame and amc, for 1 < m < M, the relative order of candidates
c and c' should not change. This makes sense because what matters is the
difference in preference levels for the two candidates, not the actual values.
In the absence of cardinal (or quantitative) preferences, the question of ranked election with postulates P1, P2 (and some additional postulates) was first studied by
Arrow (1951) [2]. In his celebrated work, he established the (then) very surprising
impossibility of the existence of any election scheme that satisfies P1, P2 (and additional postulates) simultaneously. We note that this result has been an important
corner stone in the field of theory of social choice.
Subsequent to Arrow's impossibility result, many economists started looking for
positive results. Among many other celebrated results, the result that is relevant is
that of Goodman and Markowitz (1952) [14]. They showed that if voters have cardinal
preferences, as in our setup, then there is a unique ordering of candidates that satisfies
P1-P2-P3 simultaneously. To describe their result, consider the following: let the net
score of a candidate c be s, = Em= amc. Goodman and Markowitz obtained the
following remarkable result.

THEOREM 4.4.1 Suppose the scores of all candidates are distinct. Rank candidates
as follows: candidate c has higher ranking than c' if and only if sc > sd. This ranking
satisfies postulates P1-P2-P3. Further,this is the only such ranking.
For a proof of this result, we refer a reader to [14].

4.5

Fair scheduling = ranked election.

Now, we shall establish a natural connection between selection of a fair schedule for a
network and the problem of ranked election. We want the reader to pay attention to
the fact that the equivalence used here between fair scheduling and ranked election
easily extends to a general network scheduling problem.
To define a fair scheduling algorithm, we will use a shadow CFN. Specifically, a
copy of every packet arriving to the network is fed to a virtual shadow CFN. That is,

(copy of) a packet arriving at queue j for node i of the network immediately joins the
output queue at of node i in the shadow CFN. The departure from the output queues
of shadow CFN happens according to an appropriate fair scheduling policy, say 7P,
such as strict priority scheme, last-in-first-out or simply first-in-first-out applied at
the output queues of CFN. Let dý be the departure time of kth packet arrived at queue
j from the shadow CFN. Clearly, these departure times are dependent on the policy
P used at the queues. If emulation was possible, the network would like to send out
the packets at exactly the same times as (d)j,k. However, at speedup 1 it is not
possible to emulate shadow CFN perfectly as shown by Chuang et. al. [5]. Thus, the
whole challenge is to respect the scheduling constraints of the network, while letting
packets depart from the network so that they are as faithful to the departure times
obtained from shadow CFN as possible.
Now, the scheduling problem can be viewed as that of choosing one of the ISI
possible schedules (IS| denotes the cardinality of S) from S every time. At each
node, there are various packets waiting, possibly in different queues, to depart from
it. Queues will have preferences over schedules given by the departure times of the
HoL packets. For the following discussion, assume that all N queues are non-empty
in the network and hence have a HoL packet. Later, we will deal with empty queues
appropriately. Let dj (n) be the departure time w.r.t. the shadow CFN, of the HoL
packet in queue j at time n.
Now, each HoL packet (or queue) prefers being served and hence prefers all the
schedules that serve it (i.e. when queue containing it is part of the schedule) over
all those schedules that do not. Further, among those schedules that do serve it, the
packet is indifferent. Similarly, it is indifferent to all schedules that do not serve it.
Thus, each of the N HoL packets has a preference list over the ISI schedules. Consider
a feasible schedule S E S. Now, when a queue j is served, it should provide a value
that is higher if dj (n) is smaller and vice versa. Specifically, queue j assigns a value
of -dj (n) to all schedules that serve it and some value, say * to all schedules that
do not serve it. (The choice of -di (n) seems arbitrary, when we could have taken
any decreasing function of dj (n). Indeed we can, though it should have some "nice"

properties to maximize throughput. Details are in Section 4.6). Therefore, net value
of a schedule S at time n is given as:
N

value(S) = - 1 Sjdj(n) + (2 ' - N)*

(4.3)

j=1

The postulates P1-P2-P3 translate into the following postulates for the switch
scheduling.
P1'. Between any two schedules S and S2, suppose that none of the N HoL packets
prefer S2 to S1 and at least one HoL packet prefers S to S2. Then, we should
not choose S2.
P2'. For given HoL packets, let S be the outcome of the election as per the above
preferences for schedules. Then, by renumbering queues while retaining the
same HoL preferences, the outcome of election should be only renumbered S.
In other words, the election does not give unfair priority to any port and thus
is symmetric in its inputs.
P3'. Suppose schedule Si is preferred to S2 by the election. By adding fixed constant
to -dj(n) for all j, the outcome of the election should remain unchanged.
The election algorithm of Goodman and Markowitz suggests that the following schedule S*(n) should be chosen:
N

S*(n) e argmax- E Sjdj (n).
SES

j=1

Thus, the algorithm is the maximum weight schedule (MWS) where weight is given
by -d~ (n) at time n. With this background, we now formally state the algorithm.

4.6

Most Urgent Cell First (MUCF(f)) Algorithm.

Let aj (n) and dj (n) denote respectively the arrival time and the departure time from
shadow constraint-free network, of the Head-of-Line (HoL) packet of queue j at the

beginning of time slot n. Let f : R -- R be a non-decreasing bi-Lipschitz continuous
function with Lipschitz constant p > 1 i.e., for any x, y E R, the following is true:

-1 x - y1 <| f(x) - f(y)| < p x - Y
pP

(4.4)

Without loss of generality we will assume that f(0) = 0. Thus, f(x) > 0 for
x > 0. We now describe the MUCF(f) algorithm.
Algorithm. Consider a single-hop network .N consisting of N queues. Each of the
N queues adopts a FIFO queuing policy. In each time slot n, define the urgency of
a non-empty queue as n - dj (n). It will be denoted by Uj (n). The urgency for an
empty queue is defined as - max{0, - mini:Q(n)•0o U(n)}. Let Uf denote f (Uj(n)).
The Most Urgent Cell First (MUCF)(f) algorithm chooses the schedule S*(n) at a
time n such that

S*(n) e argmax (UI(n),S)

(4.5)

SESmax

where (A, B) = Ej AjBj.

4.7

Throughput of MUCF(f) algorithm.

The previous section described how we arrived at MUCF algorithm as a fair algorithm
based on preferences obtained from a shadow CFN. As established in the previous
section, Theorem 4.4.1 implies that MUCF is the only algorithm that satisfies the
desirable postulates P1'-P2'-P3'. In this section, we state and prove the throughput
optimality property of the MUCF algorithm. The proof of the algorithm is nontraditional and requires new techniques that may be of interest for analysis of such
non-queue based weighted algorithms.
THEOREM

4.7.1 Consider a single-hop network with arbitrary topology and an ar-

bitrary constraint set. Suppose that the network is loaded with an i.i.d. Bernoulli

arrivalprocess and is operating under the MUCF(f) algorithm, with f a bi-Lipschitz
function. Then, if the rate vector is strictly admissible, the network is rate stable.
Before we prove theorem 4.7.1 we need the following notation and lemmas.
Notation. First, some uesful notation. Consider the packet that is HoL for queue

j at time n: as before let aj (n) be its time of arrival and dj (n) be the time of its
departure from the shadow constraint-free network, Uj (n) be its urgency as defined
above and Wj (n) be its waiting time (i.e. n - aj (n) if the queue is non-empty and 0
if it is empty). Let Wf(n) denote f (Wj(n)) and F(t) denote

f' f(x)dx.

Also, define

Aj (n) = Wj (n) - Uj (n). We note that if queue j is empty, then Wj (n) = 0 and Uj (n)
is as defined above. Hence, Aj (n) is always non-negative. Let B, j = 1,2,...,V,
denote the length of the kth busy cycle at the output queue of node j, in the shadow
constraint-free network. For any vector R, let IRI denote Ej Rj.

LEMMA 4.7.1 Let L(n) = Ej F (Wj(n)) Aj.

Then, under the MUCF(f) algorithm

with A being strictly admissible, there exists an e > 0 such that

E [L(n + 1) - L(n)] < -eE [IW(n) I] + 2E [IA(n)I] + K,
for some constant K.

LEMMA 4.7.2 Let Mi(n) denote maXO<k<n Bi, for i = 1,2, ... , V. Then, under a
strictly admissible A with the output queues operating under a WCP, the following is
true for all n,
E[M,(n)] • O(logn)
We will first prove the result of Theorem 4.7.1 assuming the results of Lemmas
4.7.1 and 4.7.2, and defer their proof until after the proof of Theorem 4.7.1.
PROOF OF THEOREM

4.7.1. We first note that, if queue j is non-empty then
A,(n) < max B,
O<k<n

(4.6)

where i is the next hop of queue j. This is true because Aj (n) denotes the waiting
time in the output queue of node i in the constraint-free network, of the HoL packet
at queue j, and hence cannot be more than the length of the busy cycle it belongs to.
Since Aj (n) corresponds to a packet that arrived before the time n, the inequality we
claim should be true.
Therefore, from lemma 4.7.2 it follows that:
E [Aj(n)] < O(log n)

(4.7)

If queue j is empty, then either Ay(n) = 0 or Aj(n) = d (n) - n, where queue j'
is non-empty. Since, A,(n) _ 0 Vl, n, we have from (4.7) that E[Aj(n)] < E[A (n)] <
O(log n). Hence, (4.7) is valid even for empty queues and it follows that:

E [A(n) ] 5 O(logn)

(4.8)

From lemma 4.7.1 and (4.8), we obtain the following:

E [L(n + 1) - L(n)] < -eE [IW(n) ] + O(logn) + K,

(4.9)

Telescopic summation of (4.9) from 1, . . . , n, we obtain (after cancellations),

E [L(n + 1)] < E[L(0)] - eE E IW(m)j + O(nlog n) + nK,

m= 1

(4.10)

Now, the network starts empty at time 0. Therefore, E[L(0)] = 0. Further, L(.) is
non-negative function. Therefore, (4.10)) gives us

EE

ElIW(m)1l

Lm=l1

5 O(nlogn)+nK.

(4.11)

Dividing both sides by En log n, we obtain

I[
E

n

E IW(m)I
1
n log n m=

< O(1).

(4.12)

LetLe
Xn =n-- _I Z
E M~lWmladZ
W(m)I and Zn
for all n. Now, we claim that

logj.
n From (4.12), we have E[Zn] • O(1) < o00

=

Pr lim -1 W(m)j =0 = 1.

(MM

(4.13)

The proof of (4.13)is presented later. Before that, we use it to complete the proof of
rate stability of the algorithm. Now, at time n the waiting time of the HoL packet of
queue j is Wj(n). Under FIFO policy and due to at most one arrival per time slot,
we have that the queue-size of queue j at time n, Qj(n) • Wj(n). From (4.13), we
have that
limQ(n)
lim
n-+oo n

-

0, with probability 1.

(4.14)

Now, Qj (n) observes the following dynamics:
Qj (n) = Qj (O)+ E Aj (n) - Cj (n),

(4.15)

m<n

where the second term on RHS is the cumulative arrival to queue j till time n while
the third term is the cumulative departure from queue j till time n. By strong law
of large numbers (SLLN) for Bernoulli i.i.d. process we have that:

lim

n---*)

1

-

n m<n

Aj(n) = Aj.

Using this along with (4.14) and (4.15), we obtain
limC(n)
lim C(n) - Aj,

n---oo

n

with probability 1, Vj.

This completes the proof of Theorem 4.7.1 with assuming claim (4.13). We prove
this next.
Suppose (4.13) is not true. Then, since IW(m)I > 0 we have that for some 6 > 0,
Pr (IW(m) Ž 3m, i.o.) Ž 6,

(4.16)

where "i.o." means infinitely often. Now if W(m) >_6m, then there exists an HoL
packet that has been weighting in the network for time at least &m/N 2 . This is true
because W(m)I is the sum of weighting times of at most N 2 HoL packets. Call this
packet p. This packet must have arrived at time < m - 6rm/N

2

= M(1

-_N-

2

).

Since waiting time of a packet increases only by 1 each time-slot, the waiting time
of the packet p must be at least 0.55m/N
m - 0.55mN

-2

2

in time interval [in 1 , nm], where mi

=

= m(1 - 0.56N- 2 ). Now, consider any time m' G [mi, m]. The packet

waiting at the HOL of the queue that contains p must have waiting time higher than
that of p due to FIFO ordering policy. Therefore, the contribution to IW(mn') by
HoL packets of the queue that contains packet p is at least 0.56mN - 2 . Therefore, we
obtain
62Tn 2

m

IW(m')| >
m' =mi
E

4N

(4.17)

4

Therefore, by the definition of Xm and non-negativity of IW(.), we have the following
logical implication:
622m

IW(m) >I m

Xm > 4N 4

-

.

(4.18)

Thus, if (4.16) holds then by (4.18) we have

Pr Xm

4N4 , i.o.

6.

(4.19)

Now observe the following relation of Xn: since W(-)I > 0,

Xn+1 >_ 1 -

1
X)
n+1l

Hence, for a > 1,

(
Xn

>

1.(4-1)n
I

-

-

Xn.

(4.20)

Since

S (a-1)n

. exp (-a+

(1- n

1),

we obtain that for there is large enough no such that for n > no, for any n' E [n, 1.5n)
1
.
X1.n > -Xn1

(4.21)

-3
Define, Yk

=

X 1 .5k for k > 0. Then, the following are direct implications of (4.21):

for any 0 > 0,

Xm Ž Om, i.o.
Yk

=

3 01. 5 k, I.o.

Yk > 01.5k / 3 , i.o.;
=• Xm > Om, i.o..

Therefore, to complete the proof of (4.13) by contradicting (4.16), it is sufficient to
show that for 9 = 36 (since N > 1),
Pr Yk > 01. 5 k, i.o.

=0.

For this, let event Ek = {Yk Ž 01. 5 k}. Then, from E[Zn] 5 O(1), relations Yk = X1.5k,
Zk =

k

and Markov's inequality we obtain that

Pr(Ek) !50 (

.
k1.5k

Therefore,

SPr(Ek) •5

k 0
k

k
15

< 00.

Therefore, by Borel-Cantelli's Lemma, we have that
Pr(Ek i.o.) = 0.
This completes the proof of (4.13) and that of Theorem 4.7.1.

PROOF OF LEMMA 4.7.1.

Define the following: for all j

W(n + 1)= Wj(n) + 1 - TjS;(n)
where S (n) is the schedule of MUCF algorithm and Tj is the inter-arrival time for
the arrival process to queue j. When the queue is empty, treat -j as an independent
r.v. without any meaning, while if queue is not empty then treat it as the interarrival time between the packet being served and the packet behind it. In either
case, due to the FIFO policy Tj is totally independent of the scheduling decisions
performed by the algorithm till (and including) time n and the information utilized
by the algorithm. Therefore, we will treat it as an independent random variable
with Geometric distribution of parameter Aj (since arrival process is Bernoulli i.i.d.).

( ()

Consider the following: for any j,

F

(n + 1)

an

Wo(+1)
f(x)dx -

=

f (x)dx

JW4~
f~(n+)(x)dx
(n±1)

-

=

W (n)
1

0

S (n)(yf

+ Wj(n)) dy

(4.22)

Since f(-) is non-decreasing Lipschitz continuous with f (0) = 0, we have

f (y + Wj (n)) = f (y + Wj (n)) - f (Wj(n)) + f (Wj (n))
< f (y + Wj(n)) - f (Wj(n))I + W/(n)
<p-yl + WJ(n)

(4.23)

Now, it follows from (4.22) and (4.23) that

F (W in+-1)) - F (W (n))

p (I -T S (n)) 2 + (1 - TjS; (n)) W/j (n)

(4.24)

Using (4.24) and the fact that 7j is a Geometric r.v. with mean 1/Aj, we have the
following:

E[Z AjF((
J=
W(n)A,

(n+1))-EJ AjF(W

- Ejw,(n)s(n) +p

(n)) W(n'
(4.25)

AJ - 2p E S(n) +pSE s(n)A7 1

Here, we have used the fact that Sj (n) E {0, 1} and hence (S (n)) 2 = Sj*(n). Using

fact that Ej,j

< N, Ey S (n) < N and A-i < oo for all j such that Aj $ 0, we

obtain that

EFAF ( (n+1))-E
Li

A F W(nW) W(n)
(4.26)

j

< (Wf(n),A- S*(n)) + K,
where K is some large enough constant. Now, define Sw(n) as

SW(n) = arg max
SESmax

KWI(n), S).

That is, SW(n) is the maximum weight schedule with weight of queue j as Wf (n).
Consider the following:
(Wf(n), A - S*(n)) =(Wf(n) - Uf(n), S"(n) - S*(n))

(4.27)
+ (Wf(n), A - S'(n)) + (UJ(n), S(n)

- S*(n)).

From the definition of S*(n), Sw(n) and A(n)(= W(n) - U(n)), it follows that
(Uf(n), SW(n) - S*(n))
(Wf(n) - Uf(n), SW(n) - S*(n))

<

(4.28)

< p(A(n), 1),

(4.29)

where 1 = [1], the vector of all Is. Now, for strictly admissible A, we obtain that for
some/3 G (0, 1),

(wl(n), A- SW(n)) = (W (n), Z: kSk) - (Wf(nr), S"(n))
k

=

ak (Wf(n),Sk ) _ (wf (n), S'(n))

(4.30)

Since S"(n) is the maximum weight schedule with weight of queue j as Wj(n):

(Wf(n), Sk)

(Wf( ),SW(n)) Vk

(4.31)

Thus, it follows from (4.30) and (4.31):

(Wf(n), A - SW(n)) 5 -P/(Wf(n), S"(n)).

(4.32)

Now, since all N entries can be covered by N distinct feasible schedules, it follows
that the weight of maximum weight matching is at least 1/N the sum of the weights
of all entries. That is,

(Wf(n),,S(n)) Ž - E1 W(n)

|Wf(n)l
N

1 IW(n)|
p N

(4.33)

The last inequality follows from the bi-Lipschitz continuity of f(-). Combining (4.26)(4.33) and taking further expectation with respect to W(n), we obtain

A•F(Wj(n + 1))

EE
Li
S-

where E =

pN".-

-z

W(n))]
(4.34)

eE [IW(n)j] + pE [IA(n)I] + K,

To complete the proof, note that if queue j is non-empty after

service at time n, then Wj(n + 1) = Wj(n + 1). Else, Wj(n + 1) = 0. Therefore,
F(Wj(n+ 1)) > F(Wj(n+ 1)). This inequality along with (4.34)) imply the desired
claim of Lemma 4.7.1.

PROOF OF LEMMA 4.7.2.

This result corresponds to a constraint-free network

in which the scheduling at different output queues is independent. Hence, we will
prove the result for a single queue operating under a WCP and strictly admissible
loading. We will use the same notation, but with the subscript is dropped.

For

a single queue operating under a WCP and strictly admissible loading, busy cycle
lenghts form an i.i.d process i.e., Bk are i.i.d. We will now look at the large deviation
behavior of this process. Denote the cumulative arrival process during the kth busy
cycle by I(t). Then for large enough t,
Pr (Bk > t) ~5 Pr (I(t) - t > 0)

_ A exp(-Bt)

(4.35

where A and B are some non-negative constants. The last inequality follows from
Cramer's theorem. Let X denote the random variable maxk<n Bk. Then, we have the
following:

E [XI=

Pr(X > t)=
t

Pr(X > t)+ E Pr(X > t)
t<M

t>M

SM +

Pr (X > t)

(4.36)

t>M

(4.36) is true for any non-negative integer M. In particular, choose M large enough
such that (4.35) is true Vt > M. It now follows from union bound that

SPr (X
t>M

> t) 5 E•E Pr (Bk > t)

5 O (n exp(-BM))

(4.37)

k<n t>M

The second inequality follows from (4.35). Now, by choosing M = O(log n) we can
bound Et>M Pr (X > t) by 1. It now follows from (4.36) that

E [max Bk] 5 O(logn)
k<n

(4.38)

0

4.8

Experiments.

We carried out simulations to compare the performance of our algorithm in the context
of IQ switches. We assumed a FIFO queuing policy at the input ports of the IQ switch.
We compare the performance of our algorithm with Longest Queue First (LQF) and
Oldest Cell First (OCF). We used a fixed-length packet switch simulator available at
http://klamath.stanford.edu/tools/SIM/.
We first explain the simulation settings: The switch size is N = 16. The buffer
sizes are infinite. The policy used is FIFO. All inputs are equally loaded on a normalized scale, and p e (0, 1) denotes the normalized load. The arrival process is Bernoulli
i.i.d. We use a Uniform load matrix, i.e., Aij = p/N Vi,j. We ran our simulation for
2.1 million time steps removing the first 100,000 time steps to achieve steady-state.
Because we are approaching this problem from the perspective of fairness, we
evaluate the aforementioned switching algorithms in terms of Latency and OutputQueue (OQ) Delay. OQ delay is defined as the difference of the departure times of a
cell in the input queued switch and the shadow OQ switch. Further, the goal cannot
only be to achieve a better expected latency, but in fact, we wish to value consistency,
or relatively few deviations from the mean. One measure for this are higher moments
of the variables. Thus, here we provide plots for the logarithm of first and second
moments of both Latency and the OQ Delay versus a uniform load of p.
Figures 4-1 and 4-2 correspond to latency and figures 4-3 and 4-4 correspond to
OQ delay. We observe that MUCF performs better than the other two algorithms for
both the metrics at all the loads, especially for the second moments illustrating the
fairness. Thus, the simulations illustrate that MUCF better tracks the performance
of an OQ switch than LQF and OCF.
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Figure 4-1: Comparison of the logarithm of
Expected latencies of different scheduling
algorithms.

Figure 4-2: Comparison of the logarithm
of second moments of the latencies of different scheduling algorithms.

Figure 4-3: Comparison of the logarithm of
Expected output queued delays of different
scheduling algorithms.

Figure 4-4: Comparison of the logarithm
of second moments of the output queued
delays of different scheduling algorithms.

Chapter 5
Conclusion
Networks, perhaps, serve as the most widely used models for several practical problems. Scheduling algorithms form one of the most important and fundamental components of a network. In fact, the utility of the network critically depends on the
performance of its scheduling scheme. The ubiquity of the networks as a rich modeling tool for several practical problems necessitates the design of efficient scheduling
algorithms. Throughput, delay and fairness are the three of the most important performance measures of a scheduling scheme. Throughput optimality ensures that the
scheduling scheme does not become a bottleneck to the network in achieving its capacity. Delay optimality leads to better user experience and fairness provides protection
and isolation to network flows.
The problem of designing a scheduling scheme that achieves simultaneousthroughput and delay optimization is of great interest. Existing approaches either provide
only throughput optimality or delay optimality for a restrictive model. Our approach,
to the best of our knowledge, is the first one to show that it is possible to achieve
a, per-flow end-to-end delay bound of O(# of hops ), with a constant factor loss
of throughput. We explicitly determine the constants for primary interference constraints. We showed that we can obtain a delay bound of

5di
1-Pj

at a factor 5 loss

of throughput. The factor 5 is essentially optimal in the sense that we provide a
counter-example that proves the necessity of a speedup of 4.
Our approach extends to a network operating under arbitrary scheduling con-

straints. For a general network, our scheme achieves the same delay bound (up to
constant factors), with a loss of throughput that depends on the scheduling constraints
through an intriguing "sub-graph covering" property. For the primary interference
constraints, Vizing's theorem allows us to determine this constant as 5 for a general
graph. However, understanding this for an arbitrary constraint set is of general interest. Our result settles the much debated recent question of achieving a delay that is
of the order of the number of hops, with maybe some loss of throughput. Our scheme
provides an average delay bound and requires a constant factor loss of throughput.
Designing a scheme that achieves 100% throughput and provides a worst-case delay
bound is a natural open problem.
Fairness in networks is not only an intuitively desired goal but also one with
many practical benefits. A major hurdle in designing a fair scheduling algorithm is
to define an appropriate notion of fairness that achieves the desired intuitive and
practical benefits of fairness. Existing notions of fairness are flow based and do not
directly extend to the packet case. We introduce a notion of packet based fairness by
establishing a novel analogy with the ranked election problem. The election scheme
of Goodman and Markowitz (1952) [14] yields a maximum weight matching style
algorithm. We also proved that our algorithm achieves this notion of fairness without
sacrificing any resources. We prove the throughput optimality of our fair scheme for
a single-hop network. Proving it for a multi-hop network is a natural next step.
Along with the aforementioned important results, this thesis provides new insights
and introduces some useful frameworks. In particular, we make novel use of the idea
of emulation and introduce a non-traditional proof technique to prove the stability of
queuing systems.
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